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A
B A-B=A+(-B)
A
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. A+B=B+A bl 056 )
S s AN R By A ol O B —Y
A+(B+C)=(A+B)+C s O
A+B=E.
A C D=E+C.
E B+C=F.

A+B)+C=A+B+0).
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Al= (A2 + A2+ A1)

A+B=(Ax+A¥y+A;Z2)+ (BX+ B,y + B;7)
= (Ay + Bo)x + (Ay + By)y + (A; + B.)z.

aA = (aA)X + (aA,)¥y + (aA;)zZ.
A+B=(A,+B)x+(A,+B,)y +(A. + B,)z,

A-B= (A.r - B.r)-f + (Ay o By)j} + (Az T Bz)fl
A+B=%(A; + By) +§(A, £ B,) + (A, £ By).
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o r < (x, y, Z).

X =rcosdc, y =rcospB, Z=rcosy.

r= \/xz +y°+2° = \/(rCosoc)z +(rCosp)? +(rCosy)? =

r\/(COSOO2 +(CosP)? +(Cosy)* = Cos® o+ Cos’ B+ Cos’ y =1
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x" =xcosg + ysing, A, = Axcosp + Aysing,
y' = —xsing + ycosg. o Ay =—Axsing + Ay cosg
A _(COS(p Sin (pj A,
(A, ) \-Sing Coso)( A,
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o A B COS(@between A and B) d

T~ A-A=42

A=A"A,
Commutative Iuﬁ': AT- B =B- A,
Distributive law: " A - (B + CO=A'B+A-C

j>¢
00!

A— ,{

X-X=y:-y=2-2=1, X-y=X-Z=y-2=0.

A'B = (AX+AY+ A7) (BX+ Byy+ B.2)
- AXBI+A}[B}I +AEBE'

A-A=A7+ AT+ AL AX=A A-§=A, andA-Z=A;



A-BEZB,-A,-=ZA,-B,-=B-A.
I ]

A-B=AgB=ABs = ABcos®6.

el e S 3 1 Lgw S 0536 i
/°1> C=A+B and C.C=C?

,\/ C.C=(A+B)-(A+B)
L‘A A .
=A-A+B-B+2A-B.

A-Bm-l-( > — A*— B?)

2
—
{ C2=A%*+ B +2ABcos6.
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L=rxp, V=@ XTI

Ay

oLl ol Y

E _~ A
C=AxB, with C = AB sin6.
s b > u.>-)\.>'- uj..g,l,,ab-
f(xyzi, yXi=f(, ix;‘:s’a
Fxi=—8  Ex§=-—%  Exi=—1.
T=rxF Fy=qvxB
o rl ool

AxB+C=AxB+AxC,
A+B)xC=AxC+BxC(,
Ax(yB)=yAxB=(yA) xB



AxB=C=(Cy,Cy,C,) = (AxX+ Ay + A;Z) x (BxX+ B,y + B;2)
= (AxBy — AyB)X x§+ (AxB; — A;B)X x Z
+ (AyB; — AZBy)y X Z

Ci=A,B,—A;B,, C,=AB,—AB, C,=A.B,—A,B,

or

Ci =A;jBr — ABj, i, j, k all different,

or
X y 1z
~|Ay A ~|Ax A n A
C={A, A, A;|=X By BZ —y Bx BZ +z Bx Byl’
B, B, B, v oz x P x %




A.C=?, B.C=? , C.C=? labul, bl Job- il C=AxB gk

A-C=A-(AxB)
= A,(A,B, — A;B)) + A, (A;B, — A, B,) + A,(A;B, — A,B,)
= 0.

B-C=B:-(AxB)=0.

(A xB)-(A xB)=A’B?>— (A -B)?
= A’B? — A2B%cos%0

= AZB?%sin? 0.



A-(BxC)

Dls paw oo =Y
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A-B x C= A;(B,C; — B,C,) + Ay(B,Cx — B,C;) + A;(B;C, — B,Cy)

|B.-x C| = |BC sin 8,

|ABC sin 6, cos 8,

Area = [B x C|

=—A - CxB=—C-BxA=-B:-A xC, and so on.
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§—2=(1,2,—1), B=§+2=(0,1,1), C=%—§=(0,1,1),

A=x+
B x , Ax(BxC)=7?

2
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— >

BxC=
Z
-1
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AxBxC)= =—X—-2Z=—GF+2)—-X-Y)

D>
—_— N >

=—-B—C.
(ol g 8w o s -Y-Y

Ax(BxC) =BA-C)—C(A-B)
el G me (BACK-CAD) S-S (g 0telB 4 s
(A xB)- (A xB)=A’B*>— (A-B)? (DL LG 5 dude il
ax(bxe)+bx(ecxa)+ex(@axb)=0.
AxB)- CxD)=A-CO)B-D)—-A-D)B-C).
AxXxB)x(CxD)=A-BxD)C-(A-BxC)D.
Aaled Cali 1 BTG Lailsy oy 5 o 3lie (6 s L

Ax(BxC)+Bx(CxA)+Cx(AxB) = B(A-C)-C(A-B)+C(A-B)-A(C-B)+A(B-C)-B(C-A) = 0.
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D:(AXB)+(B><C)+(C><A) Lol 3500 5,08 W C 5B A LG &S
o 3 gee D ls s ) S anled Cul Gl o At i 3 Wl sline s s B-C , A-B

S o S 5 el
K=D.(A-B)=|(AxB)+(BxC)+(CxA)|.(A-B)=
(AxB).A+(BxC).A+(C><A).A—(A><B).B—ngC).Bj—(CxA).B:>

/ .
'

0 -0 -0 -0

K = (BXC).A—(CxA) B ZE=C0=E-04) (e g
K'=D.(B-C)=[(AxB)+(BxC)+(CxA)|.(B-C)=
(AxB).B+(BxC).B+(CxA).B~(AxB).C-(BxC).C~(CxA).C=

.

o v

=0 =0 =0 =0

a.(bxc)zc.(axb)zb.(Cxa) LK’ =0

K’ =(C><A).B—(A>< B).C
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Plane of z
constant z

A z-aTis

P{3.0.5)
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/ STUIENPR S Y-aris
X, V& } H 3 . 101

1 {
N s : -
“~——__ Planeof : o ' T-01Tis
constant x — —— = t 1 ¢
e =5 5 1]
X A

- (01, 0,10
a, — 110 T ariin
A
dx —1n 4+

i dz =

dz | dL =dx, dy or dz
) dS=dxdy, dxdz or dydz

a) Differential volume b) Exploded view dV = dx dy dz
¢ | L e
) ) ) Ay
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r+drf
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Angular ¢

Vertical Z T

---Equator

RadiusR ——

Cylindrical Coordinates (p. b, 2) A -

- i,
p=yxl+yt x = peosd ﬂ“u_q_kut
¢=tan'(y/x) y=psing A a
F=r EZ=I -_.' i

(0zp=<w)
(0<d<2m)
{—ﬂi::’i:l!ﬂ]-
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dL =dp, pde or dz
--------------- . . dS=dpdz, pdedp or pdedz
dV =pdpdopdz

dL = \Jdr® +rd$* + d=*

—
a,

A~

P

d@J~
7 a,
l‘ | fl‘
.L dz
s Ry -I- ‘a‘p

a) Differential volume b) Exploded view
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rsin 6do

Volume element
dV=r’sin@ do do dr
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________

rdé
\rsinB do
* Y

............

dL =dr, rSinxed(p or rdo
dS=rdedr, rSin0dedr or r*Sin6dode
dV =r*Sin0drdode

Spherical Coordinates (r, 6, [ 722 i
(0.8) A: dL = \Jdr®+r*d&* + r*sin*6 dg’
,..,I."Il...fﬂi x = rginBcosd H--Hé‘:#'
_;I:l

!||_f : = rgin O gin ¢ :
= -1 :t:+_'|.r1 ¥ : #
E_m [ E ] I=rnnlﬂ __'EI K : -
.:‘.-r :
¢ = tan™'(y/x) R
.'- : }
(0 <r<=) 2
(ﬂi'ﬂi‘l] = __-__d;_ ——-R—:_—J‘umﬂ x pl..u:'iql-
y=psin 5
' 0zdp=2r
) l_J RO l:’) ¢ ,\ r‘}) ) L
B o 7 21



Coordinate ) . Unit Length Coordinate
Coordinates  Range _
system vectors elements surfaces
X — i+ Tori dx Plane x=constant
Rectangular "7
2 ¥ —=0l0+=0 v or j dy Plane  y=constant
z — =010 +20 7ork d= Plane z=constant
r 0 to = r dr Cylinder r=constant
Cylindrical @ Oto 2w h rdg  Plane ¢ =constant
z — @010 + 0 z dz Plane  z=constant
r 0to = r dr Sphere  r=constant
Spherical v} 0to {-] rdf Cone f=constant
i Oto2mw 0 rsinf d¢ Plane  ¢$=constant
) _—
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X=rcosqg

y=rsine

_cos¢ sin ¢ 0l]

-sinp cosd 0

0 0 1

2S0ASy A S9,S 9 Slailguuw! cosdadosiawe Wlaizse Juaw
5 Cowl 200 03l Giwles wlaie oliiws 55 aS Slahs wlaixe woowwl wligl a8
aS >e. Gl S5 wlaixe ;) Ly wldx Gwles L g s0i Ul S50 o&iws

aS aloass fbl_)l a_sul..a.m GlS.A_uJJ 25 asS wl t_‘;_;l;'._).: 9> L_A..\S_}J LJ 9 o> le WePSLAV-N=
vy i UlSe &b el o>l Slals

ol

usse 9 wdbiowe 4 Slailgiuw! wlaice Joaw-
el a4 Slailgiwl Olaixe Sl el b usie Juaus

4| | cos¢p sinp O -
A |=|-sin¢ cosd 0
A 0 0 1
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Slaslgiwl 4 (slibive laixe Jias paile

sl a4 Slaslgiwl wlaize Jas juuyile:juSce g

s sdniie Slaixe ;A sy Gwles Cowuglhe tJlio

(4. | [cosp sing O A4
4, |=|—sme cose 0| 4,
4.1 | 0 0 14,
4| [cosp —sing O] 4
4,|=|sme cosp 0|4,
4.1 | 0 0 L] 4,
A=ad3cosp— a,2r+a.s
A, =3co 0sQ A, =-2r A =
_A | cose —sing@ 0 %cosgp
4,|=| sme cosgp 0| —2r
4.1 | 0 0 1 5

'L.fl

3cos’ @+ 2rsing
3sIn@Cos @ —

J

2rcos@

ol

:p....Sm LJJ_LJ..I L_sx.l...b.mw Olaiko @ |_;. o0l Caw U 15L6}C1.ﬁ_]_f;..o D >g=>gqo lﬁl_ﬁ)_y.nbb Udaan

x? X
4:4.:!: 3 - —I_ 2 -I-"L . 44.}, — 3 - * r - 21:. —
X+ A : (L2, .2 [..2 2
*\un' X + ‘1- \ X+ _1'
~ 3x° . %ﬂ .
1=a, >+ 2y +r.r}. -—2x|+a.5
X +v T + 1

’%ﬂ
x4y’

rorlul
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A

r F=cosei+sing | : k=k

. 0 S q):cos(g—@j(—i)stm(g_(Pj(])

— H=—SiNE i+CosQ |

sing f=sinpcose i+sin’o |
—
XCOS

XSIN @ {f =C0SQ i +SINQ |

f/__/;.\

p=-singi+cose | |COSQ (b:—sin(pc03(p?+coschj

_l_

=sing I +cosoe fpz(sin2q>+cos2 (p)]:> j=sing 7 +cose ¢

X COS (p {fzcosm I +SiNQ | {COS(p f =cos”@i+SinQCoSo |
= =

x=SINQ | §=—sing i +CcosQ |

—sinpd=sin®@i—sinpcose |

+

cos ¢ P—sin o = (sin” ¢+cos’ )i => | =cos¢ F—sin g

25
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L= )0 5

S 9 oo A Sg,S Wlaise S usio Juawi-
libio @ 59,5 Wlaike Sl susio Joas

X =Rsmécosl
v =Rsmn@sing
z = Reose

R:JIE‘F_FE-I-:E

L

-1
& = cos

\/Ig Jr_’lf2 +z°
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sin® cos¢ i +sin0 sing j+cosO k PP Slate sbaws Ldd Sl

f_
A "L.a.:iuo\{'&.abﬂ
6=cos0 coso i+cosO sing j—sinO k — S35 & ~

b=—sing i+ ]
F) (sin0cose sinOsing cosO )| |
0 |=|cosO cose cosOsing —sind || ]
0) —sin @ 0 k
63}&%0&»:&%3&}&
A 2o Slasw oKiws 4
|:S|n6003cpr+c036003(p6 SinQ@
j=sinBsing f+cosOsin 6+COS(|)(|) =
k=cosO f—sin0 0
| (sin6cose cosOcose —sing)(f
j|=|sin0sine cosBsine cose || O
k coso —sino 0 0)
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13059l Cows | 59,8 wlaike > IS alais el UlSe s,

A=xa,+va, +:za.

A4, | [sinfcose sinfsing cosé | x
A, |=|cos@cos@ cosOsme —smé |y
iyl 1 —sin @ Cos @ 0 z
(4, | [xsin@cos+ vsinBsing + zcosd
A4, |=|X cosfcos@+ vcosfsing—zsmb
4l | —xsm@e+vcose+0

A, =xsméfcos@+ ysmfsme+zcos b
= Rsin” @cos’ @ + Rsin’ @sin’® ¢ + Rcos® 0

= Rsin’ O(cos’ @ +sin” @) + Rcos’ @

= Rsin® 6+ Rcos” 6
= R(sin® @+ cos’ 6) =R
4,=0 . 4,=0 )i peed A 9
A=Ra, roel b
A=R L3
00 5~
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PO o SAL 5 L @S Slase SLAS

F=sin0 coso i+sin0 sing j+coso k
0 =c0s0 cose i +cosO sing j—sinO k
G=—siNQ i+COSO |

«sin0 [#=sinO cose i+sin0O sing j+cosO k
xC0S6 | =cosO cose i+CcosO sing j—sin 0 k

sin?0 cos@ i +sin20 sin¢g j+sin0cos 0 k

1
10=c0s"0 cose i+cos’0 sing j—sin0cosO k

+

Fsin0+06cos6=cose i+ Sing |

3 =

|p=-sing i+CoSQ |

—

xsing |Fsin@+0cos0=cosg i+ sing ]
XCOS P

b=—sine i+coso |

—
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{fsin 0sin@+0cos0sing =cosesine i+ sin ]:>

$COSp=—sinQCoS( i +Cos* @ |

/
Vo

+

FsinOsin +0cos0sin @+ ¢cose =(sin? +cos’ ) j=

.

j=sinBsing f+cosOsing 6+cose ¢

X—SIN @

xCcosQ |Fsinf+0cos@=cosp i+ Sing |
G=-sing i+cosy |
{fsinecos<p+écosec05(p=c052(pf+ SinCcos® |

.

—sined=sin’@ i —siNPCoS O |

vl

+

Fsin0cos ¢+ 0cos0cos@—sind = (sin’ ¢ +cos’ )i =

i =sin Ocos¢ I +cosOcose 0 —sin 0J0!
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Xx—SIn 06

x COS 0 {f’:sine cos i+sin0 sing j+cosO k

0 =c0s0 cose i +cos0 sine j—sinO k

{cose F=sin0cosO coso i+sinBcosO sine j+cos? 0 k
—

—sin00 =—sin0cosO cose i —sin0cosO sing j+sin?0 k

+

Fcos0—0sin0=(sin® g+ cos® )k =

.

k=cosO f—sin® 0




rusSe 9 Sldailgiw! 4 Sg,5 wlaize Jyawui-
agaiswe osleiwl Wy o ol

D0,k Joaw
(7 =Rsin@
\P=@
|2 =Rcosf
R = \."Ir?'z + _'2

16 =cos™

2, -2

Nro 4z
i =9
Ap smé 0 cos@ | 4, A, sind cos@ 0| A4,
A |=|cos@ 0 —sind| 4, : 4,(= 0 0 1| 4,
4, 0 1 0 A, A, cosd —smé& 0| 4,

J 7 I 32



A:(y+z)f+(x+z)]+(x+y)lz ol 0l gl gl Slamsee o€ 53 L A ls L

(X =pCos A | (cose sing O\ psineg+z ]
iy=psing ; |A, |=|-sine cose O pcosp+z |=
z=12 A 0 0 1) psine+pcose

[ pPSINQCOSQ+2ZCOSP+pPSINPCOSQ+ ZSin @
—psin® @—zsin@+ pcos’ @+ 2zCcoso

pSin @+ pCoS P

-

A, =psin2¢+z(cose+sing)

—

I\

A, =pcos 2¢—z(sinp—Ccoso)

A, =p(sinp+coso)

L z
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E = @j(sine oS i+SiN0 sing j+cosO R)+
r

ﬂj(cos@ oS i+C0S0 sing j—sin® R)
r

~2¢0s0sIn 0O cos @ ?+2cos€)sin€) sing ]+cosze—sin2(p i

E
r r r
2(rcos@)(rsin® cose) » 2(rcosO)(rsindsing) ~ r?cos’H—r’sin@ -
3 |+ 3 J+ 3 K=
A . 2= (XP+yE)
27X iy 2zy i+ ( Y)gk

(x2+y2+22)2 (x2+y2+22)2 (x2+y2+22)2



A=XY Lok 65 5 6l sl Slavin slealans 5315 55 6l Ol :ls
( A=XY
X =pCOS :>A:pcos(p(sin(pﬁ+cos(pcb):pcos(psin(p;5+pcosch¢>
|y =sinpp+Ccose@

A=XY
3 X =rsin0®cosO =

§=sinBsinf +cosOsinpO+cosed

A =rsin OCOScp(sin Osin@r +cosOsin (pé+c05cp(b):>

A =rsin (9cos(p(rsin2 0cos@sin @ f +rsin cos0sin ¢cose 0 + rsin 6 cos? (pcb)
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1 1 AL
F=x",yz® or F:«/x2+y2+—
VA
Ol 53 Slamss Sldde 4 anadly of s &S Al o endl anils (gl es ‘_g\cda.e.,cb K S s aole

VJ‘)‘J ‘ft;w\g_)w K‘“‘“JJ“}J'}J\JMWJJWLSM&)bcb)‘M‘MLM
dF(x,y) = F(x+dx,y+dy)— F(x,y)

=[F(x+dx,y+dy)— F(x,y+dy)|+ [F(x,y +dy) — F(x, y)]

dF oF -
adx + Edy’ —> total variation of a function F(x, y),

:wj;o\jswwwp)&w@ls s YL Cldes wls



do(x,y,2) =[x +dx,y+dy,z+dz) — o,y +dy, 2+ dz)]
+ o,y +dy,z+dz) — ¢(x,y,z + dz)]
+[e(x, y, 2+ dz) — (x,y,2)]

@ dp g
= —Ydx + —dy+ —dz.
ax Tyt 54

O OLslS 1) das oo Siled |y 3 SaS SO l3l ldd &5 ST S 5 o3Il S (gl cnl b
)\L}m‘go.uwucu&\o)bQM&@M}AL&&L&&MB@.\);mjfég_)&@?‘,s
Aol e Lad s Clas oK@;w}ﬁ

del operator:V = 974 j+—k =
OX 0z

Vo= (Li+ L5+ 20 0 = vo= (2] 1995, %@y
oX oy 0z oXx oy 0z

o Vo= (5430, 00
OX oy 0z



V(r)=V(\/x2+y2+zz) :Jﬁugwbﬁ;@\mwﬁ:dm

vV )__XBV(r) y8V(r) +28V(r). N
0x ay 0z
aV(r) _dV(r) or
ax  dr ox
or (x4 y*+z9)% x _x
ox 0x (24 y24 )2

8V(r)__dV(r) x
ox  dr r’

1dV
VV(r) = (xx+yy+zz)——r

_EdV_de
T rdr dr’

Jsb i 53 O sl e o 31 ol Ssle ISl b 0Ll S s (slas 108 51 S

dr =Xdx +ydy+12dz.
dg de de
Vo-dr=—dx + dy+—a'z--d90,
0x dy 0z



dalod Sl 1 5wl 0Ll S 2 s

@) fx,y, ) =x2+ v + 24 (@)Vf =2%+3y°y + 4232
(b) fix,v,2)= _r2y324, — (B)V f = 2zy324 % + 32%y%24 § + 42%y%2° 2
(c) f(x,y,2) = ¢ sin(y)ln(z). (c)Vf =e*sinylnzX + e*cosylnzy + e*siny(1/z) z

V=E0e‘XSinn—y
4
E--vVoE-——(ZLi+ L5+ 2k E e sin™ = E=(sin®Y -j%cos T E, e =
oX oy oz 4 4 4 4

E,

J2e

2 AT
E@10)=( —JZ)
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0 0
V. (rf(n) = a—i—[x fO]+ a—y—[y FO]+ 5[z f0)]

2 2 2
_ x“df y°df z°df
~.3f(r)+-r dr+ r dr+ r dr

- af
~3f0)+rdr.
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V' (¢A) = (V¢)*A+¢(V-A) ol b1 G g alal, e

]

V. (pA) V e (oA i+ pAz) + A k)
A
i(ﬂﬁa‘ll} + %[ME? + E(#’Aa}

94, 04, J4
8¢A1+a—¢A2+a—2A3+9§( 1+ 2""‘ 3)

ox ) ox oy 0z
_ [9¢. 5‘#’
= (El i+ 2 6 i+ = 7% ) (Ai+ A, + Agk)

d ay az
(Vg)+ A + ¢(V+A)

+ ¢ (——-—1 + —-] + ik) * (A1i + Agj + Agk)

The combination V - (fV), in which f is a scalar function and V is a vector function,
may be written

d 0 d
V-(fV) = —(fo)+ —(ny)+—(sz)

Bf aVy 8f
ax By

=%Vﬂ-V+fV-

aV, 9 aV.
gyt gfvvz f5
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$A.dL O s Ba B iron e
P VxV=(—i+—]J+—K)x (V,i+V, j+V,k) or
culA=VxA=Ilim|A| &£—— ox oy oz g
AS—o0 AV
4 Max
curlA = Y XA = (ii+jp—+ i)>-<(4‘111+4r1mj+.45l:)
- or = "oy 4
i j k
cly _ o & @
T |8x 9y oz
A, A; Ag
A b 9 9 8 8 o 9
= | 92| _ ;|9 oz + k|9% 9Y
Ag Aa Al Az AI. AE

04s 04\, 0A; _ 9As) ., 34: o4,
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i s b VX (Bf(F) 5 J5 : Jle

VX (fV)=fVxV+(VF)xV ol
Vx(rf(r)=f@)Vxr+[Vf@r)]xr. g Ol F s
X y 1z
Vxr= % % a% =0
Xy z
V f(r) =t(df/dr) o loes SU3
erf(”)=zrjf'><l'=0 o4 r=rrandrxr=0 POy 1A

doled Ol 1 53 sl r Jls
VA-B)=B -V A+ (A-V)B+B x (VXxA)+Ax(VxB).
Ax(VxB)=V(A-B)—(A-V)B (el

:Luijio\jjd»w.Aj\A_}sﬁfdﬁij\L@UJJJﬂooiﬁé
Bx(VxA)=V(A-B)—(B:-V)A

.;;ﬁ@o@\y$é@\)4@bp@zp



10.
11.
12,

L R AR o L

viU+V) = vU+ VvV or grad(U+V) = gradu + grad V
V'(A+B) = V*A+ VB or div(A+B) = divA + divB
VX(A+B) = YXA+ YxB or curl(A+B) = curl A + curl B
V- (UA) = (VU)-A + U(V-A)

vx(UA) = (VU)XA + U(V xXA)

V'(AXxB) = B+(V xXA)— A+(V XB)

VX(AXB) = (B*V)A — B(V'A) — (A-V)B + A(V*B)

V(A‘B) = (B-V) A+ (A'V)B+Bx(VXA) + AX(V XB)

eU U U
wE T T
a2 a2 a2
ot T af T o
Vv X(VU) = 0. The curl of the gradient of U is zero.
V:'(V x A) = 0. The divergence of the curl of A is zero.

VX(VxA) = V(V-A)— VA

v (Vl) = WU = is called the Laplacian of U

and V? = is called the Laplacian operator.
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et (G505 5 gl o3 (uls S s m gl ol &S

Vo Jge glas )8

("1’.;)5;'1.’.]*3‘)J;)W‘j)ﬁbcdgb‘ﬁb“i‘u

(@) V.Vo ,(b) VxVe,(c) VV.V ,(d) V.VXA [(e) Vx(VxV)

.0 .0 .0 ,\afp . 0@
d V-Vp=|x— — — . L
(a) v (X8x+y8y+z8z) ( ax +yay +e
g 3 g
= 2t a2 t53
ax ay 0z
When ¢ is the electrostatic potential, we have
V-Vo=0

.09
a2

at points where the charge density vanishes, which is Laplace’s equation of electrostatics.
Often the combination V - V is written V2, or A in the European literature.

(b)
82

— VxVep= (8yaz

ol @
N.SNlQJ N>

y
d
VXV(OZ ax ﬁ
d¢
dy

8%¢ i 3%¢ 8%¢
Bzay dz0x dx0z

+z(8x8y 3y 9x )=



(b S SLS 3ol 3108 e (C) (6 anmles (sl

VXx(VxV)=VV.V-V.VV

(d)
i i k
diveurlA = V«(VXA) = V- |8/ox /oy 8/oz

I

v [( 3 oz ) + (E"H)’ + (W"E)k]

dx \ ay 0z oYy \ 9z ax oz \ oz _3'2;:
24, 324, N PRA;  02A, 24, %4,
drdy dxdz = Oydz Oyow @ dzdw 9z dy

i

0

JS lioms

AL o S=CK bl Sl eslizad b oLl 55 (€) (6 avslons
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(S dnlee o o 3l A= wzi— Y2 + 20%yk, 5 ¢ = a2y2® S1 0L

(@) V¢, (b) V*A, (¢) VXA, (d) div(gA), (e) curl (¢A)

9

a -
(@) Vo = (ﬁl{-ay

EISA W TSN VRUNY " S DN § 2
i+azk)r,f- = ami+ay1+azk = am{xzyz }1+ay(m2y23)j+az{m2yz3)k

= 2xyz81 + 22285 + 322y22%k

_ d d ., @
(b) V+A = (ﬁi+3§]+§k)-(wzi-—yﬂj+2x2-yk)

ad ad
= gplen) + ) + ety = 2 -2y
_ [(8.,90., 98 s 2 k
{(c) VXA = (&:: +6y]+azk> X (22i — y2j + 2x%yk)
i j k
a/dx oloy &/oz
xz —y* 2x2y

3 d
(% (22%y) — %(—v*)) i+ (3.3; (xz) — %{%%}) it (E (—y?) — W{M}) k
222 4+ (2 —42y)i
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Ve(gA) = Ve (@dyzti — 2%%2% + 2aty2oK)
%(aﬁyz‘l) + %—(-xzysza) + Lieanyy) = Satys — xR + bahy

(d) div (pA)

il

h

V X (pA) = VT X (x3yzii — x2yd2dj + 2xiy22%k)
i j k
d/dx a/dy 8/oz
adyzd  —xyd23  2xiy?3

= (datyzd + 3229322)i + (42%yz3 — 8x3y223)j — (2x2y%23 + 2%2%)k

{¢) curl(¢A)

!

Il
If ¢ =22% —x2%, find (@) V¢ and (b) V2.
@ Ve = 2i4 %;15 + f;—‘*:k = (4zy—2%)i + 22% — Sz2%k

(b) V2¢ = Laplacianof¢ = V -+ Ve —=
Vi — _@_{4:‘:” —23) + i{%ﬂ) + i(-——ﬂxzﬂ) = 4y — 6zz
ox oy dz

Another method.

e | % | %
2 =
Vi 0x2 H oy? T 822

92 02 02
Fye) (2x%y — 223} + a—yg{&vﬂy — wz?) + Py (22y — x23)

= 4y — 6xz 49
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r=X(Uy, Uy, Ug) 1+Y(Uy, Uy, Ug) J+2Z(Uy, Uy, Ug)K
Ladl o Slasies Law g S (X, Y, Z) (56 Slamsie bow i s & S8 53 15 P sl ol a2l

.Jg)f&ngmﬁdudwﬂgéﬁy

_ or or or
dr = £ duis + Edﬂz + a—ugdug
z 8 or

O‘j&ubwd“}bjp‘))&)\;f el Jf‘g:.wc‘wwp‘)b Ul LSA"’MV}J" E‘)‘Jﬁ
1
S Ol el sk By = (08|, O 2 45 OX/OUs = Tney i

| ?3 — lﬂr/%l " and ha = |0r/dts| — 5 « \gl 53 S Or/dus = heez and  dr/dus = hges

1 U D ~) Ve

2l
: —t s _" _/J
~ o Je S I 50



1k Ol (o o

dr = hidue; + heduses + hsduses
Lal o wlie ol o | Ry, Re, Bs SleeS

b G5 bl owie Dlamie (il 3508 oa s sk 5> €1,€2,€3 gla s i P ol 6 bk e s S
spd medls py gl b B8 OLS Uk pae b e s Al e 6
ds* = dr-dr = hidul + Ridu® + hidu?
el Blze S5 skl (5l sme k3 b sdone s
sk o Ol 3 Sobe b bl (65150 pamem (030 Dliaes S )3 pionan

dV. = |(hidure)): (heduses) X (hsduses)| =  hihohsdus dus dus ‘
| g ) S P OlE
Jr or Jor oz, y, 2) d
= . ot z Y1 d dﬂ
av us s X %t duy dug dus I 3, tz, 2t3) 1 QU QU3
Ay S Eom y0 S e SIS, s aole Ol s &S
oxX dx ox _ o .
e A ) 8 03 A d>to y2
ou1 Uz Ous Gty 25
ox,y,2) _ |8y 9y Iy
a(u1, Uz, Us) U1 OuUz dus
0z 9z 9z
ou; Uy Jus
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Jr dr r
0 .gff. oz ?wﬂﬁﬁﬁjp“%baﬂ’aux;‘ Oy ool
UL U  dus 1 2 3

ox,y,2 _ |9y 9y 3y
a(u1, Uz, Us) oUr OUz dus
dz 9z oz

ou; Jus Jus

i j k
A-(BXC) = A-(B; B, By

C, Cy Cs
{A I.i + Agj + Aak] . [{BgC& - BaCz)i + (Bacl = BICa)j + (Blcz = BzCI)k]

A, A, A,
= AI{BECE_B:?.CE)+Ag[Bacl—BICﬂ +A3{BICE—BEC]:} - B]: Bg 33
C, C; Gy
Lo
Ay Ap Ag C, Cy, C;
A<(BXC) = |B, By, By|, (AXB)-C = C+-(AXB) = |A, A, 4,
C, Cp C3

B, B, B,
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s Bl s s A= Arer+ Avert+ Ases IS b @S

( 0 0 0
Vo=(—e+—e,+—8&,) 0 =
0] (axl o 3) ¢

S—
op Opou ou |1 1 op 1 do
ox ou, ox  ox |h,e| h,| ~ox hau,
_ 1 09 1 0 1 90
& = ad @ —_ = 7= = 0P
v 8t hy duy l+h23ﬂz +h363 ®

crili 303 Ol S c¥sles 4 il Gl pe 3 ol KTl Hu=Re =hs =1 5 55,5 K (1, ),K)

Lpd o fdS Ol Slae 53 WY 5 J S

1 0, 1 op, L 005y exeyet |
hlzl) 8Xe1+(h3=1)aye2+(h2:1) 6263) ,
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g Ol (o S e

1

A _ g : 9
VA = dvA = gl (ehed) + s + 2 (uads)|

0 0 0
V.A= (a—xeﬁae2 +§e3) (A +Ae,+Ae)=>

oA, _oAdu, ou | 1| 1] oA 10A oA 1 10(hnA)

ox ou, ox ' ox |he| h | T éx hyou  ox hhoh oau /0T

- 1 9, 0 0

VA= h,h.A,)+—(h,h.A,)+—(h,h A
A (A (A

h1=h2:t13 & =X, Up=Y, Ug=s
&=X,€,=Y,€4=2

VA:{;((AXH;(Ay)Jr&(Az)}

A 4
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Vv XA

vie

—
—

g Ol e 0 s

hihy 0@

hs odus

| hie, hees  hses
. 1 d ) 0
= curlA = hﬂhha oUu1 oUs oUs
hiA:r h2As  hsAs
1xi  1xj Ixk| |i j Kk
= |VxA 1 0 i g - 0 0 0
1x1x1| OX oy 0z oX oy o0z
IxA, 1IxA, 1IxA,| A, A, A
. _ 1 d [hohs 0@ o [hshy 0® o
Laplacian of ¢ o [ aul( ) ﬂul) + &ug( i auz) + Bus(
o9 09 o9 524) @zd) 0%%

V- M

OX

'l

oy

il

0z

OX?

)3

Y%

82

]
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1. Cylindrical Coordinates (p,¢,z). See Fig z
Transformation equations:
¥ = pcos¢$, Y = psing, 2z = 2 de| T~ ds; = Zr dr dip

= — v S -
:helre p=0, 0=¢ <2n “‘13“5“’- S s dsy, = dr dz
tors: hi=1, ha=p, hs=1 e
cale factors 1 he =p, hs S dv = r dr d dz
Element of arc length: ds* = dp® + p*>d¢® + dz* \

ds, = trd dz

an:  A8Y2)
Jacobian: o tnz) P

Element of volume: dV = pdpdédz
Laplacian:

w o= 12(,20), 120, 2
ViU = pop\P o) T o T @

22U 18U 1 32U *U
W e pop TR

"\‘\ .;/‘)’l

) ) Yy ) Ay
— Y ‘/.,'a J ‘/_Y‘JJ
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—l algral bl cove Olatses
ol 53 e Y 5 S il g L3l S (g dsles o Olall c Ols Job e (6 anmlons
Let Uy =py Upg = ¢, U3 = 7, lﬁ'1=1 h’2=ﬂ'.¢ h3=1

_ _ 100 1Tod 1ad L 1ad
(¢) grad® = Ve = 19 € + — a¢2+1a = ap1+ 9 &2

where e, e,, e; are the unit vectors in the directions of increasing ps ¢, 2 Tespectively.

ab
+ Fy e,

e oa 1 2 )
® dva = VoA = gdald (o) + L@wan + Zed]

_ 18 ﬂflz] dA,
= p[ (pA ) + +-ﬂ?

where A = A,e, + Aye, + Age,.

1 () e\ | & /() ad\ | 3 [(1)p) E)]
@) Vi = ill{ﬂ)ﬂ}[ ({1} ap) +3¢( (o) &¢)+3z< (1) 8z

1a(pa¢)+1a2¢+az¢-

|

p dp p2 Apt az2
A 0 7
"hier  hoes  hses 1 g pa(p 5
B 1 a 3 I '=> VxA=—| — — —
V XA = curl A = hlhﬂhﬂ Ot dUs duUs p ap a(l) aZ
| hiA1 heAy hsAs A pA A




. Spherical Coordinates (7,6,¢). See Fig
Transformation equations:

x =rsinfcos¢, ¥y = rsin@sing, 2 = rcosé
where =20, 0=0=x, 0=¢ <2n.
Scale factors: hi =1, ha=7r, ha=rsiné
Element of are length:

ds* = dr* + r2de* + r*sin® 0 d¢*

(2,9, 2)
ar,0,9)
Element of volume: dV = r*sind drdfde

Jacobian: = 7r28iné

19 1 8 /. ,8U
2 — pu————— S — an “an
VU rzar<’ ar) 2 rzsin080<sma ae) T TSN o

1

X

*U
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_LSJJS‘)DJ‘ v Slaiss

O 55 Y 5 J S il L3l S (6 amloes 5 o> Ol OLS Jsb ozt (6 sl

Find ds? in (b) spherical coordinates and determine the scale factor

(b)

In spherical coordinates,

Then dV = (1)(r)(r sin g8) dr de d¢
This can also be observed directly from Fig below.
v Ay . 1 Ay
VY =r— +0-— —,
4 rar + r89+ rsinf d¢
1 [ d d aV,
V.V= ind—(r2V,) +r—(sinfVp) +r—2 |,
Tsind sin ar(r )+r89(sm 9) +r 8<p]
1 [. 98 (,0% 3 (. oY 1 3%y
V.Vy = 0—(r*— )+ = (sin0—= |+ ——
V= asme M™%, (r 8r)+89 (Sm 89)+sin9 82
£ r0 rsinf¢
1
VxVet |0 2 3
r=sinf | 5. 59 3¢
Vi, rVy rsinfV,

r =

7 8in 8 ¢oS ¢, Yy =

* sin § sin ¢,

= rcosé

Uy =17, Ug=28, ug=¢, hy=1, hg=1r, hy=r7rsing

= 12ging drdody

|

4

dV = (r sinB do) (r d6) (dr)
= r?ginf dr dO dob

. )

r sinf d¢
¢ dr
r sin 8-
Yy rdf
Jet /7
o
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Example 3-7: Charge in a Sphere

A sphere of radius 2 cm contains a volume charge density py

given by
py=4cos*®  (C/m?).

Find the total charge Q contained in the sphere.

Solution:

Q=fpvdu

2x10-2
f f f 4::05 R sin@ dR dO do
v=0./8=0

S E

sin @ cos”> 6 dO do

32 Ir cos’ 0\ |*
=5 x10°° i (— 3 )qub
2
_% 106 do
9 0
| — 1298“ x 106 =44.68  (uC).
L)) Vo) #L;_JJ,
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Aaoled acsle (65 S Olas oKy s SIS @U oLl S0 Jla
F=2rcos0—-5¢+2

VE - GF l@Fé+ 1 8F(T>=>
8r roo rsin® oo

0 10 A 0
VF=—(2rcos®—-5¢p+2)f+=—(2rcosO—-5¢p+2)0+ —(2rcos®0-5¢p+2)p=
8r( ® ) rﬁe( ® ) rsineﬁcp( ® )(p

VF=(2c0s0)f-2sin00- > 0
rsino

Ao led dewlos (gl Sl gl Olatses oKius s SIS @U OLsl S Jls
F=2sinp—pz+4
oF. 10F. OF;

+ +—k|=
ELAIN e

VF=

VF:aip(ZSin(p—pz+4)f)+%aa—q)(28in(p—pz+4)(p+%(25in(p—pz+4)lz:>

VF:—Zp3+gCOS(p(b—p2
P



Example 3-12: Calculating the Gradient

Find the gradient of each of the following scalar functions and
then evaluate it at the given point.

(a) V; = 24V,cos(my/3)sin(2mz/3) at (3,2,1) in Cartesian

coordinates,

(b) Vo = Vpe ' sin3¢ at (1,7/2,3) in cylindrical coordi-
nates,

(c) Va=Vy(a/R)cos20 at (2a,0, ) in spherical coordinates.

Solution: (a) Using Eq. (3.72) for V,
av, .dvy _adV

VV| =X Ix =¥ 3_v +Z P
= —V8mV, smﬂsmzi—!—zlﬁﬂ:v cosﬂcos%
= TYeAYosm SIS 0€08 =37 C0s =3
) 2 ) 2
=8rVp ysm% sm%+z2cos?cos¥] )
At (3,2,1),

2 2
VvV, = 8V [—jrsinz T” + 22 cos? Tﬂ:] = Vo [~ §6 + #4].

]
et

) L) ) Vol /;

(b) The function V, is expressed in terms of cylindrical
variables. Hence, we need to use Eq. (3.82) for V:

d -1d :
Vs — | e Y 5% —2r - 3
Va (rar+¢ra¢+za)‘lf’ue sin3¢
— —F2Voe ¥ sin3¢ +@(3Voe ¥ cos30)/r

~3cos3 .
=|: £2sin3¢ +6 =0 ¢]Vue_2’.

At (1,m/2,3),r=1and ¢ = m/2. Hence,

2 2

(c) As V3 1s expressed in spherical coordinates, we apply
Eq. (3.83) to Vi

VV3=(Ri+éla '.il ] a)V@( )00529

It . 3
vV, — [—f-z sin . + ¢3cas—”"] Voe 2 = i2Vpe 2 = 10.27Vp.

JdR ROJO Rsinf d¢

. Vpa ~ 2Vpa

= —R—C0529 0 sin26
R? R?

—[Rcos26 —I—éZsinZG]%.
At (2a,0,m), R = 2a and 6 = 0, which yields

- Vo
VV; = —R—.
3 4a
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Aol Olas gl dl gal Olamses j5 15 55 Oldee il 55500 0 e

F
F=pp+zsinpp+222 = V.F=§{§p(pﬁ)+2£}+%§ =
1| 0 0 : 0 1 ZCOoS o
V.F=—| —(pp)+—1I(zsino }+— 22) = V.F=—|(2p)+(zcoso)|[+2=V.F=4+
2 (oo)s 2 (zsing) |+ 2 (22 L(29)+ (zc0s0)] :

Aol Oles (65,5 Olases (31 55 Oldee il 3505 0 Jla

F=2f+rcos00+rp = |V.F=

or o0

02 E1er D (amor e O
rzsine{sme (r Fr)+r69(smeF9)+r }:

V.F= 21_ sinei(rz[2])+rﬂ(sin6rcose)+rﬂr}:
r°sino or 00 o0

V.F= 21_ _4siner+r2(cosze—sinze))}:
rrsinoL
20 cin2
V.F:{Ll COS“ O —sIn O}Zﬂ_i_COSZG

r sSIn0 r sino




Example 3-13: Calculating the Divergence

Determine the divergence of each of the following vector fields
and then evaluate them at the indicated points:

(a) E=&3x7 + §2z+ 2%z at (2,-2,0);

(b) E=R(a*cos8/R?) —0(a’sinO/R?) at (a/2,0, 7).

Solution: (a)
JE, O0E, OE.
V-E= : :
ox | Jy oz
d d d . 5
= —(3x%)+—(22) + —(x’z
6‘1( x7)+ a}__( H&‘z(t z)
= 6x+0+ x> = x> + 6.
At (2,-2,0), ‘U’-E‘_ — 16.
(2.-2.0)
\ ) . _’_)J‘u '\ e) ;:_JJJ
- o =S

(b) From the expression given in Appendix C for the diver-
gence of a vector in spherical coordinates, it follows that

1 d, 5 1 d
V*Ez—za—(R Eg)+ Bae{EgsmG)
1 6‘E¢

T Resno 90
_ 19y c0s6) + — d ( a'sin’8
" R20R Rsin® 00 R?

2a’cos B 2a° cos 6
— v RB - RS :

AtR=a/2and 8 =0, V-E = —16.
(a/2.0.7)
64



P . 2
A A A — ¢ —
p PO Z P P
F=pp+zsinpp+222 = |Vx le o 9 9|9 9 9O =
p|Op Op o0z op 0p 0z
F pF, F F pF, F
[ 9 9) (6 9) (o8 O
vxF=P| dp az|-6|op az|+Zp o |=
P pzsing 2z p p pzsing
V x F:B(O—psin(p)—(p(O—O)+£(zsincp—0):—sin(pﬁ+ 23IN@2
P P

p



Jls

Poro  rsin0g
F=F=2f+rcos00+rp = Vszzl_ 0 0 G N
rsin@| or 06 X 0)
F rF rsinBF,
(e 2y (o2 o @
Vx F=—" . fl 00 8¢ |-rb| or 0 |+rsin0d| or 60 |t =
r?sin
I r‘cos® r 2 r 2 rcos6
1, . o —r0+2r?sinHcos0 ¢
Vx F= F(0—0)—r0(1-0)+rsinOp(2rcos60—-0); = =
rzsine{( ) (1-0) ul )} rsino
Vx F=———+2c0s0(

rsino



Table 3-1 Summary of vector relations.

Cartesian Cylindrical Spherical
Coordinates Coordinates Coordinates
Coordinate variables X, V.2 r..z R.6.0
Vector representation A = RA, + A, +124; fA, + $A¢ + 24, RAg + 64 g+ 114 o

Magnitude of A |A| = /A2 -|—A_3 +A? v A2 +A% +A? i/Ai —A% -|—;d1’-ér
_} . . . . . -
Position vector OP = Xx) +¥yv) +Zz], rr +1z). RR;.
for P(xy,y1.21) for P(ry.¢1.21) for P(Ry., 0.0 )
Base vector properties R-k=y-y=2-2=1|t-P=¢-p=2-2=1 R-R=6-6=0¢-90=1
R Y=92=2%=0 | - ¢=0-2=2-#=0 RO0=0:¢0=0¢-R=0
Ix§=1 Pxp=12 Rx0=9¢
yx2=% px2=t Oxd=R
IxXR=7¥ Xt =6 OxR=0
Dot product A‘B= AxBy +AyBy +A:B: ArBr +Ag¢By +A:B: ARBr+AgBg +ApBy
Xy 2 ooz R 6 ¢
Cross product AxB= Ay Ay A A, Ap Ag Ap Ag Ap
|Bx By B; B, By B:| Br Bg By
Differential length dl= | Rdx+9dy+2dz Pdr+¢rdo+2dz | RdAR+ORdO +¢Rsin6 do

Differential surface areas

dsy =RXdvdz
dsy, = ¥ dxdz
ds.- =Zdxdy

ds;- = f'l" Jl‘p -‘J’Z
cI’S{_;, = 1’ drdz
ds: = Zrdrdo

dsg = RR?sin6 d@ d¢
dsg =ORsin® dRd¢
dsy = QR dR dO

Differential volume dv =

dx dydz

rdrdgdz

R%sin@ dRdO do
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) :Myygﬁ,gu,yQému & 4t 31 IS ST idas e 0L

Iﬁ‘)‘b cmﬁ (w‘):‘)ls .LJLA) wl.w Slaiss ol.<'.'.wb BE b dl Jf‘ Jl}-

[Vde=[Vv(x,y 2)dxi+dy j+dzk) =i([ V(x,y,2)dx) + (| V(x,y,2)dy) +k(] V(x,y,2)d 2)
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bl (0) s, o (1,2) 4 O,1) 51 a8zl Lot @) sla pouns 53 3 JLEEI (5 doslons Cons sllas 1L

X=t, Y=t?4+1 g 310l 53 (C) 5 X5, (1,2) 4 (1,1) 51657 5 (L,1) 4 (0,1) 51 a5 el
(1,2)
2 __ 2
fm [(2* - y) dz + (4% + ) dy]

(@) An equation for the line joining (0,1) and (1, 2) in the zy plane is y =z + 1., Then dy =dz
and the line integral equals

=0

1 1
f [{x2=(+1)}de + {(x+1)2 4+ x) de] = f (222 + 2x)dx = 5/3
0

(b) Along the straight line from (0,1) to (1,1), y = 1, dy = 0 and the line integral equals
1 1
f [(z2—1)dx + (1+2)(0)] = f (z2 —1)dx = -=2/3
=0 0
Along the straight line from (1,1) to (1,2), # = 1, de = 0 and the line integral equals
2 2
j [(L—)(0) + (p2+ 1) dy] = f y2+1)dy = 10/3
y=1 1

Then the required value == —2/3 4+ 10/3 = 8/3.
(¢) Since t=0 at (0,1) and ¢ =1 at (1,2), the line integral equals
1 1
f [{e2—(#2+1)}dt + {(t2+1)2 + t}2tdt] = f (2t5 + 483+ 212+ 2t —1)dt = 2
t=n » 0
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pd e e g3de alie 4 Lol (gpn,m 5 Wl IS S sl L 1 (E) 5 () e JI S
L plnil IS G555 1Sl il 5 S F 81 el ) gl (S 51 () U1 S
S ELF 150 5 asl 0 Q letl 6 abait o P gl g b 5l e bl sl 5080 s

)L&C,‘SJ&- Ls\f &.5'<J-J:'<'H Q‘.X.;.A .]a.sz ol fl-"djtsdbib‘ U'l\ QKJTQ‘}J: wﬁ'\}- L>'<'~"J:'<)\ QU.:.A

A = (322 —6y2)i + (2y +322)j + (1 — day2d)k rrd L 53 5205 JLSE! (6 alome oy gl e
x=t,y=t’,z=t" @

L 1LY kil 5 0,1,1) & e 5 (0,1,1) 4 65T 5 (0,0,1) « (0,0,1) 51 a5 sl b slat (D)
(1,1,1) 50,0,0) o Jools puiiene ot (€)

f Asdr = f {(3z2 — 6y2)i + (2y + 3x2)j + (1 —dxyz2)k} » (dxi+ dyj + dzk)
¢ c

= f [(Bx2 — 6y2) dx + (2y + Bxz) dy + (1 — 4xyz?) dz]
¢
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(@) If z=1¢, y =12 2 = t3 points (0,0,0) and (1,1,1) correspond to t =0 and ¢t =1 respectively.
Then

1
f A+ dr f [{382 — 6(£2)(3)} dt + {282 + 3(£)(e3)} d(t2) + {1 — 4(£)(£2)(£3)2} d(¢8)]
c t=0

f

I

1
f [(3t2 — 6t3) dt + (4t + 6t35)dt + (3t2—12¢11)dt] = 2
t=0

Another method.
Along C, A = (3#2—6¢%)i + (212 4+ 3t)j + (1 — 4%k and r = xi+ yj+ zk = ti + t2j + t3k,
dr = (i + 2tj + 3t2k) dt. Then

1
fA'dr = f [(3t2 — 6t5) dt + (4¢3 + 6¢5) di + (3t2 — 12¢11) dt]
c 0

2



(b) Along the straight line from (0,0,0) to (0,0,1), =0, y =0, dx =0, dy =0 while z varies
from 0 to 1. Then the integral over this part of the path is

1 1
f [{8(0)2 — 6(0)(2)}0 -+ {2(0) + 3(0)(2)}0 + {1 — 4(0)(0)(zD)}dz] = f dz = 1
»=0 =0

Along the straight line from (0,0,1) to (0,1,1), 2=0, 2=1, dx =0, dz=0 while y
varies from 0 to 1. Then the integral over this part of the path is

1 1
f [{3(0)? — 6()(1)}0 + {2y +3(0)(1)}j dy + {1 —4(O)(m)(1)?}0] = j ydy = 1
¥=0 y=0

Along the straight line from (0,1,1) to (1,1,1), y=1, z=1, dy=0, dz=0 while
x varies from 0 to 1. Then the integral over this part of the path is

.

1
[{8«2 — 6(1)(1)} dz + {2(1) + 3x(1)}0 + {1 — 4x(1)(1)2}0] = f (322 —6)dx = —b
0

=0

Adding, f&*dr =14+1-5 = -3,
C

(¢) The straight line joining (0,0,0) and (1,1,1) is given in parametric form by z=t¢t, y=¢,z2=1¢.
Then

1
fa-d.- = f (B2 —62)dt + (2t+3e2)dt + (1—4t9)dt] = 6/5
C —

t=0
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C

.wa‘xyLSW)JYCM@)QW:‘)Sf@&\Qﬁ‘JCﬁ‘

d_é:dpf)-kpd(p(/l\)-kdzz :ﬁ)\sé\d\j:.w\aha.b'uﬁ

o
~1
I
N
o

©

©

ﬁ)‘bww‘m’h(pw‘g@w‘\‘f‘f‘g@upQM\MZCJ\MOMOJ‘)MJJ

d/ :<J5[(y—2x)f+(3x+2y)]]-(2d(P(T>) =

C

T

x=2c0s¢ and y=2sin¢
].¢=cose and i.p=—sine

y—2x)f.(b+2d(p(3x+2y)].(b

—

2do

N
—

T
o
~|
Il

(2de )(2sing—4cos¢)(—sing)+2de(6cos+4sing)(cosp) =

0B 0 Bn 0En 0Bn
T
=
4
Il
o=e= oS

(—4sin® @ +16sinpcosp+12cos’ ¢)do =

'I'Il

?:—4J'sm (pd(p+16jsm (pCOS(pd(p+12_[cos pdo=...

—

Al =-A4n+0+12n=8n

T

0= 05
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0<0<af2 ,0<p<2n.r=R ¢S s,

dS=R?*sin0d0de A =R*sin0dOde I 5 el o jle pan e

e

>

f.i=sin6 cose 01> (e
f=sinf cospi+sin@sing j+cosbk , | j=sin0 sino
Lf.f(:cose
Xx=RsinOcosp ; y=RsinOsing and z=RcosO e S
:V_’{‘)\J dL?-

T

T

o)

wn!

2RcoselA(

(Rsin 0cos ¢+ Rsin esin(p)i +

(X+y)1+(=x+y)]-22 RJ.[stin 0dodef |=

N

(—Rsincosp+RsinOsing )]— .[stin Gded(pf’]:




T

T

T

T

!

NI

wn!

NI

:(x+y)i+

X+y j

2Rcos O k

(—R3 sin ©cos e+ R’ sin” Osin @ )(

_2R3Sin Ocose(lA(.f’)

_2R38in 9cos€)(cos 9)

27

(R sinBcose+ RsinOsin ¢

1

k
)1

[

( RSIH@COS([)-I—RSIHGSIH([))]—

(RSSin2 9cosp+ R’sin’ Bsin ¢ )(I

R’ sin ededcpf]:

A

[RZ sin eded(pf] =

T

>

J.

)+

P)-

_(R3 sin” 0cos ¢+ R’ sin’ Osin @ )(sin 6 cos )+

(—R3 sin” ©cos @+ R’ sin’ Bsin )(sin 0 sing)—

dodp =

dodep =




_(RBSiHSGCOSZ(p+Rgsin36Sin(pCOS(p)+_

F.dS= (—R’sin’ 0cos@+R*sin’ Osin® ¢ ) — dode =
2R’sinOcos’ 0
_ B i}

—— .
- _ cos’ ¢ +sin ¢ COS (@ — _
F.dS==|R’sin’0| _Z(P +(—2R*sin6cos’0) |dOde =
SIN@COS®+ SIn” @

F.dS = [I;3 (sin3 0 — 2sin O cos® 6) ]d@d(p:>
jﬁ.déz”[ﬁ(sinS 0 — 2sin 0 cos’ 6):d9d(p:>
S

2
sin®0d0—2 [ sin0cos? 00 | = RSZnL%—%J
0

2T

F.dS=R?
_[ R _(g 0
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w ygame Gl aU 3 S (b el esls 13 Oy gem (AL SO STl Olde G ST 5 ) Al STk
o S A e S za 3l o L (6 anmlee S gllas ol 13 Ty b 4 S
A = 2z —2)i+ 2%yj — 2’k
Face DEFG: n=14i, x =1, Then

ffﬁ.-ndﬁS = £l£l{(2—z)i+j - 22k}« idy dz

DEFG
1 1
f fe-aama = u
0 Yo

Face ABCO: n=—i, x =0. Then

j: A+-ndS = J:J:(—zi)-(—i)dydz

ABCO

- ds, = 7 dx dy

1 1i 4
J‘ f zdydz = 1/2 b
1] 0 K

= ds, =y dxdz

dz
dz | /

A dV =dxdydz

K
ds, =X dy dz
]
|
|
_dy
4 4 a |
— ' . N o dx \I'/
' J ./_,_._)/l ) 3 .—,’.-/J‘I /__.
wo o S S )T

X 'S




Face ABEF: n=3j, y=1. Then

1 1 1 1
ff&*nds = f f {@x — 2)i + 22j — x2?k) +j dwdz = f f dedz = 1/3
0 o 0 Q

ABEF

Face OGDC: n=—j, y=0. Then
f AndS = flfl{{2m—z]i—mz2k}'{—j}d:r:dz
0GDC o =0
Face BCDE: n=k, z=1. Then
f A°'ndS = J: J: {2z — i + 22yj — 2k} * kdzdy = J:J:-xdxdy = —1/2

BCDE

Face AFGO: n= -k, z=0. Then
1 1
fJ‘A-ndS = f J- {2xi — x2yj} « (—k)dxdy = 0

1]
AFGO 0

Il
=

Adding, f AndS=3+1+4+0—-3+0=12 Since

Adding, f A'ndS=2+1+4+0—-1+0= 2% Since

S 1 1 1 11
fff Ve+AdV = f f j. (24 22 —2x2)dxdydz = )
v 0 0 0

the divergence theorem is verified in this case,
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AL s pl 4 Glaze 5 P(XY,Z) dle ol s (sl e 0 sy 7 = xf+y]+z|2 =S P

.
—\

S0 03 P s i 1) ws) » oles ¢ 4o 0> dF =dX i +dy j+dzk K

— a_¢ a_¢ a_¢ — a¢ - i =
de = axdx+aydy+azdz = 0 or ( j+ ) (dxi+dyj+dzk) = 0

81



Jaise sl asle SOl oS A = Byi —a2j + 2k <le b Sl g aas s il

SY=2SiNt5Z2=2 byl oVslae s X24Y2 =4 37272 cNslwe 4 510 215 (S 5,0 C

H

Also,

VXA =

i
d

ox
3y

fﬂ*dr = f [By dx — zzdy + y22 dz]
c
[
J; [3(2 sin £)(—2 sin t) dt — (2 cos £)(2N2 cos 1) dt)

2w
f (12 sin?t + 8 cos2t)dt = 207
0

b| k
9 38
oy 0z

—xz Yzl

) )
-t ot

,,/“~ S S )T

ol o 0=t<2r Wl cuIXx=2cost

= (22+x)i— (z+ 3)k
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Also,

i b| k
d d d 2 .
= |— — —| = — 3
VXA bz 3y oz (22 + 2)i— (z+ )k
3y —zxz yz?
V(x2 + y2 — 22) b+ yj —k
and n = —

V(22 + y2 —~ 22)| Ve ¥ y2+1

Then jf{va}-ndS = ff{?x:ﬁ)-n dx dy = J:[{a:zﬂ+a:2+z+3}dxdy
s R R

2 2} 2 2 2
= ff{x(“ '2”") + a2+ Z ;” +3}dxdy
R

In polar coordinates this becomes

2m 2
f f {(p cos ¢)(p%/2) + 2 cos? ¢ + p2/2 + 8} pdpde = 20x
¢=0 " p=0
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Solution: Stokes’s theorem states that

ﬁ[VxB}-ds= j%B-dl.

For vector field B = Zcos¢/r, verify Stokes’s theorem Left-hand side: With B having only a component B; = cos ¢ /r,

for a segment of a cylindrical ‘surface: defined by 7 = 2, yse of the expression for Vx B in cylindrical coordinates in
n/3<¢ <m/2,and 0 < z < 3 (Fig. 3-25). Appendix C gives

Example 3-14: Verification of Stokes’s
Theorem

A Al i _ aB,
/'— T r\ dr (rBy) do
= r=2 \. _fli cos (b —@i cos ¢
K - rd r ar r
d B _fsinﬂ} q-)cc-st,t-
g - 2 2
[~
n-r The integral of V x B over the specified surface S is
S
>0 \b -y 3om)2 .sing  -cosg\ .
T / f(VxB}-ds=f f —r +¢—— | -Trd¢ dz
73 s =0Jo=n/3 r’ r
a
3 w2 ;
x /= sing 3 3
= - dpdz=——=—-.
ﬁ L:: r ¢ 2r -

w_Jer S S ] 84



Right-hand side: The surface S 1s bounded by contour
C = abcd shown in Fig. 3-25. The direction of C is chosen

so that it is compatible with the surface normal T by the right-
hand rule. Hence,

j{;B dl — fBﬂb i+ [ By -dl
b

f B, fﬂ—l—/ B,, - dl.

where Bgp, Bpe, By, and By, are the field B along seg-
ments ab, bc, cd, and da, respectively. Over segment ab,
the dot product of B,, = Z(cos¢)/2 and dl = ii&r do is
zero, and the same is true for segment cd. Over segment bc,
¢ = 1 /2; hence, By, = Z(cos/2)/2 = 0. For the last segment,
B, =%(cosm/3)/2=1%/4 and dl = Z dz. Hence,

Ba’l—ﬂ”l “d—ﬂld—S
f’ _[f ZZ ZE‘.—[{EE— 1,

which 1s the same as the result obtained by evaluating the
left-hand side of Stokes’s equation.

4
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5,5 (g ans WGl O35y 2555 18 Us S gishe ool 5 018 o s 60l5 1 sl Oliks
Db g 6 el o Sl (SOl Ol e ¢ (25 8 8 5 (S 5 sk )

V.F=0 , VxF=0

.QLJ?-J»\;-L;;Las&)JVJ\:M\:&»Q\@J&Jucwbjfujjé.&jjjjlw—\“
V.F=0 , VxF=#0
Db g aml oy Sl SOl Olae aibe (gl gk o Ll L35 8 8 =Y
VxF=0 , V.F#0
s U eite ool Dls ol & 51350 (5 b s (S0 Dles dle e gk b 5 s S 8

VxF#0 , V.F#0
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3.5 Given vectors A =X+ ¥2—23, B = X2 —y4, and
C = ¥2 — 74, find the following:

(a) Aanda
(b) The component of B along C
(¢) Oac
(d) AxC
(&) A(BxC)
(f) Ax (BxC)
(g) xxB
) (Ax§) 2

P.2-1 Given three vectors A, B, and C as follows,
A=a, +a2—aj,

B=—-ad+a,
C=a5—a2
find
a) a, b) |A — B|
¢c) A-B d) 0,45
¢) the component of A in the direction of C fAxC
g) Ar(BxC)and (A xB):-C h) (AxB)x Cand A x (B x ()
P.2-2 Given

A=a,—a2+aj3
B=a,+a —a2,
find the expression for a unit vector C that is perpendicular to both A and B.
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P.2-21 Given a vector function E = a,y + a,x, evaluate the scalar line integral | E - d¢ from
P2, 1, —1) to P,(8,2, —1)

a) along the parabola x = 2?2,

b) along the straight line joining the two points.
Is this E a conservative field?
P.2-22 For the E of Problem P.2-21, evaluate j E - df from P4(3,4, —1) to P,4, —3, —1)
by converting both E and the positions of P, and P, into cylindrical coordinates.

V= (sin g x)(ﬁin ;iy)e :
determine

a) the magnitude and the direction of the maximum rate of increase of V at the point

P(1, 2, 3),

b) the rate of increase of V at P in the direction of the origin.

P.2-23 Given a scalar function

P.2-29 For vector function A = a* + a,2z, verify the divergence theorem for the circular
cylindrical region enclosed by r= 5, z=0, and z = 4.

P.2-30 For the vector function F = ak,/r + a,k,z given in Example 215 (page 41) evaluate
| V - Fdv over the volume specified in that example. Explain why the divergence theorem
fails here.

P.2-31 Use the definition in Eq. (2-98) to derive the expression of V - A for a vector field
A=aA, +a,A, +a,A, in cylindrical coordinates.

P.2-32 A vector field D = ag(cos? ¢)/R? exists in the region between two spherical shells
defined by R = 1 and R = 2. Evaluate

a) §D - ds,

b) | V:Dadv.
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P.2-34 Assume the vector function A = a,3x*y* —a x?y?.
a) Find § A - d€ around the triangular contour shown in Fig. 2-36.
b) Evaluate | (V x A) - ds over the triangular area.
¢) Can A be expressed as the gradient of a scalar? Explain.

FIGURE 2-36
Graph for Problem P.2-34.

P.2-36 Given the vector function A = a, sin (¢/2), verify Stokes’s theorem over the
hemispherical surface and its circular contour that are shown in Fig. 2--37.

FIGURE 2-37
Graph for Problem P.2-36.
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\ /
pgnR3 gnR3 N )
:>EJ‘dS1 = = E(4nr?) = — = . . i,
231:4,;2 = E
— p R
E=—— ; NR
3¢ I’ )
B q pgﬁr'3 B ;'Tcr'3
2): r<R—>|EdS, =—= = | |E|(N,).(H,)ds, cos0 =
2 JEds, == =——= [[E|(n,) (A, )ds, .
p4nr’3 p47cr'3 "
=SE [ds, =3 — = E@u?)=—3—=E=C;r<r
€. €. 3e.
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~(y=y) and (3): ~(2-7) :

[(x—x’)2 +(y-y') +(z- z’)ZJ2

:("'.’.)\J (’3:‘) C)JL;-O BL L@.:‘j} U‘i‘ QJ\J J‘J‘g L’

-(x-x')1 ,
:f(i,i')=<[(X—XI) +(z/y) ) i e B
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Positive surface charge

Negative surface charge

Polarized molecule
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D=¢.E+P
P=gy E—2=EP yD=¢ (1+y,)E=ccE=¢cE (%2)
.z 8 n F . . .
L o 2208 8r=1+Xe:_ Q‘)Jﬁ.@\éﬂﬁ‘ékﬂ%fh{@d).&w%e4\5

4-2 Relative permittivity (dielectric constant) and dielectric strength of common materials.

Material Relative Permittivity, &  Dielectric Strength, E£3; (MV/m)
Air (at sea level) 1.0006 3

Petroleum oil 241 12

Polystyrene 2.6 20

Glass 4.5-10 2540

Quartz 3.8-5 30

Bakelite D 20

Mica 5.4-6 200

Note: € = &€&y and & = 8.854 x 10~!2 F/m.
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Example 3-11 A positive point charge Q is at the center of a spherical dielectric
shell of an inner radius R, and an outer radius R,. The dielectric constant of the shell
is €,. Determine E, V, D, and P as functions of the radial distance R.

Solution: Because of the spherical symmetry, we¢ apply Gauss's law to.,
find E.and D in three regions: (a) R > R,; (D) Ry < R < R,;and (¢) R < R,. Potential
V is found from the negative line integral of E, and polarization P is determined by
thdrelaleR . D=ccE=

P =D — ¢,E = ¢€(¢e, — 1)E.

The E, D, and P vectors have only radial components. Refer to Fig. 3-20(a), where
the Gaussian surfaces are not shown in order to avoid cluttering up the figure.

e f as A N Yy, »J
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H) R> Rn . ﬁic[tﬂﬁt

shell
. (a) ' 0
E = ’ = =
K1 4me R2 D=80(1+X6)E:8'08rE:8E _ Dy, €oER; 4nR? and
__9 {and P=c.(e, —1E | _
Vl _4TIIE¢R1I : PRI =0.

b) Ry s R<R, |
The application of Gauss’s law in this region gives us directly

__ 9 Q

" 4mege,R? 4reRZ

Eg.

Dra = 4nR?
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Note that Dg, has the same expression as Dpg, and that both Eg and Py have a
discontinuity at R = R, In this region,

Vi=~ [ Eq dR - _[: Ejz dR

Q

= yl!R=R.=

IR, R1 dR

R 1'; !
"E[(I'Ei)mféiﬁ}
¢) R<R, |

Since the medium in this region is the same as that i in the region R > R,, the

- application of Gausss law ylelds the same cxprcsmons for Eg, Dg, and PR in
both regions: '

| Q
E..=
R3 4ne,R*?
__Q
®3 7 4nR?
Pry=0

To hnd v;, we must add to ¥, at R = Ri the ncgatwe line integral of Egy:

V3—V|R R._f Ers dR
0 1\ 1 1INT 1
==l -=| (1=
dne 1 €./ R, €, Ri+R
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Pr
!
|
R— | P
0 R R, R
(c) | (d)
Fl‘ﬂm pG — P an ] pp — _V' P
.pd '|R-Ri =P (-ag) R=R, “P”'hﬂ.
. _ 1 0
= —(1] —— 5 3
€,/ 4nR; (Y=VVo)
on the inner shell Surface;
Pd In-n, =Pra, ’R=R,. = Pra|y_g
. 1N - Q '
| “\!7¢)mr (*-1\)
on the outer shell surface; and |
Po=-=V-P
= — 2T (RPy) =0, (F-1Y)

“»R
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éD*d5=(D1"_ﬂ,,g+Dz’a,1}ﬂS

=12, (D; —-D;)AS
= p, AS,

oSl Sl e Olde (5,0 daul

E,=E, (\%n)

el yio il dlsles ol 3L oola La Las 51 S S
Dlt _ th A2 = —a,,

&) €,

a,,°(D, —D,)= Py

Dln - DEH = pPs (Cfml):

MﬁUﬁJJDQ\J&géJWLSMJAASJSQAQ@ Dln_D2r|=Ps (Cfml): LS“-S-’L’U’

el mbae S I Usles Sawe gl cpl Jllie 5 el a5l 3505 353 5 edaws L OT &S S 2o

D1"=E1_E1,,=P,, ﬁ)‘JwDZZO c.)w'bb 6:\.&* .b.:>w)§\

Dln=D2n

ot 0= 00 ol sl sl sBT L s g S e fuad s pelad Jl 53 S0l (3 50 S

ElEln = Ez ‘Eln'

Tangential components, E,, = E,,;

Normal components,

anl.(Dl _"DZ]:ps'
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_Example Two diclectric media with fermittivities €; and €, are separated
by a charge-fred boundary as shown in Fig. 3-24. The electric field intensity in medium
I at the point P, has a magnitude E, and makes an angle o, with the normal. Deter-
mine the magnifadé and direction of the electric field intensity at point P, in medium 2;

_ E, sin ¢, = sin o,
DIH_DZH 2 2 El i

E, = E, €,E, cos u, = ¢, E, cos'#,

Division of Eq. (3-117) by Eq. (3-118) gives

The magnitude of E, is

Ey = JEL ¥ 3, = /B, sinay)” + (B, cos ao)?

. . € 27172
: =[(El sin o, )? +(£—'E1 COs ml) }
or ’ 2 .

) € 27152
Ey =L | sin?ua, + E—cns a,) .
_ 2
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In Cartesian coordinates

0 0 0 oV oV oV
V2V =V-VW=(a. —+a, —+a —)-(a.—+a, —+a —
- (a" ox T 0y % 0z> (a" ax Y oy % 52)

o’V o*V 0%V p
= —= V/m?). 4-7
ox? + oy? + 0z> € (V/m?) @7

Cylindrical coordinates:

4-8
r or (4-5)

10 av 1 0%V 0%V
2 29 (.9Y ), L :
viv = (r (3r)+r28d)2+522

Spherical coordinates:

1 8 [ o 10 ov 1 v
2y — - Y[ p29Y . gYr _ 4-
VYV =RioR (R 6R> T R7sin0 28 <S’“ 0 ae) TRsmzoagr ¢
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EXAMPLE 4-1 The two plates of a parallel-plate capacitor are separated by a dis-
tance d and maintained at potentials 0 and ¥,,, as shown in Fig. 4—1. Assuming negli-
gible fringing effect at the edges, determine (a) the potential at any point between the

plates, and (b) the surface charge densities on the plates.
y

S

FIGURE 4-1
A parallel-plate capacitor (Example 4-1).
a) Laplace’s equation is the governing equation for the potential between the plates,
since p = 0 there. Ignoring the fringing effect of the electric field is tantamount
to assuming that the field distribution between the plates is the same as though
the plates were infinitely large and that there is no variation of V in the x and z
directions. Equation (4—7) then simplifies to
a*v
dy>

0, (4-11)

19C



where d?/dy? is used instead of 92/dy?, since y is the only space variable here.
Integration of Eq. (4—11) with respect to y gives

where the constant of integration C, is yet to be determined. Integrating again,
we obtain

V=C,y+C,. (4-12)

Two boundary conditions are required for the determination of the two constants
of integration, C, and C,:

Aty =0, V=0. (4-13a)

At y - d, V = Vo. (4—13b)

Substitution of Egs. (4—13a) and (4—13b) in Eq. (4-12) yields immediately C, =

V,/d and C, = 0. Hence the potential at any point y between the plates is, from

Eq. 4-12),
Vo
V=" (4-14)

The potential increases linearly from y =0 to y = d.



EXAMPLE 4-2 Determine the E field both inside and outside a spherical cloud of
electrons with a uniform volume charge density p = —p, (Where p, is a positive
quantity) for 0 < R < b and p =0 for R > b by solving Poisson’s and Laplace’s
equations for V.

a) Inside the cloud,
O S R S b’ p = _pO'

In this region, Poisson’s equation (V¥ = — p/e,) holds. Dropping 6/06 and 0/0¢
terms from Eq. (4-9), we have

1 d (padVi)_po
R? dR dR €

d dv, Po
RZ Ly __ MY RZ. _
dR( dR) €9 (4-16)

Integration of Eq. (4—16) gives

which reduces to

0 R4+ 2. 4-17)

The electric field intensity inside the electron cloud is

Ei = —’VI/l = —'aR (Zg).

Since E; cannot be infinite at R = 0, the integration constant C, in Eq. (4-17)
must vanish. We obtain '

E, = —aR%’—R, 0<R<b. (4-18)
0




b) Outside the cloud,

R > b, p=0.
Laplace’s equation holds in this region. We have V?V, = 0 or
1 0 avy,
— —(R*Z2)=0. 4-19
R% 3R ( dR) 0 4-19)
Integrating Eq. (4—19), we obtain
av, = & 4-20
dR  R? =20
or
dv, C
E,=—-VV, = —a, R- TR R—i. 4-21)
The integration constant C, can be found by equating E, and E; at R = b.
EOutinn . R=b|:> E?.:.B_O_b’
b* 3¢,
from which we find
c,=" ob’ 4-22)
2 — 360 (
and
b3
E, = —ag 20 R>b. (4-23)

ag———
R 3¢,R? -
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Since the total charge contained in the electron cloud is

4n
Q= _»Oo?b3

Eq. (4-23) can be written as

Q
E,=a;-——:
o = fr 4ne,R?

for potential:  Integrating Eq. (4—17), remembering that C; = 0, we have

dl/t po C poRz
R+ — = y -
iR 3¢, Rt R > v 6o T C,. (4-25)

It is important to note that C’ is a new integration constant and is not the same as
C,. Substituting Eq. (4-22) in Eq. (4-20) and integrating, we obtain

pob® . av,
e @22 ;
0

C b
T e S o S R
0

C,=

However, C, in Eq. (4—26) must vanish, since V, is zero at infinity (R — 00). As electro-
static potential is continuous at a boundary, we determine C; by equating V; and
V,at R=b:

pgi,z +C= —p30el:2
or
c = -2 2“:)2; 4-27)
and, from Eq. (4-25),

We see that V; in Eq. (4-28) is the same as V in Eq. (3-172), with p = —p,.

(4-24)

%89
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Consider the case of a positive point charge, Q, located at a distance d above a
large grounded (zero-potential) conducting plane, as shown in Fig. 4-3(a). The prob-
lem is to find the potential at every point above the conducting plane (y > 0). The
formal procedure for doing so would be to solve Laplace’s equation in Cartesian
coordinates:

o’V o0*V  o*V
axz T oy? T =

which must hold for y > 0 except at the point charge. The solution V(x, y, z) should
satisfy the following conditions:

VY = 0, (4-36)

1. At all points on the grounded conducting plane, the potential is zero; that is,
V(x,0,z)=0.



0, 4,0)

Grounded
plane conductor

s
i Z

(a) Physical arrangement.

(Imag—chharge)

(b) Image charge and field lines.

2. At points very close to Q the potential approaches that of the point charge alone;
that is

Q

V> —=
-~ 4ne R

,as R —» 0,

where R is the distance to Q.

3. At points very far from Q(x - £ o0,y = +00, or z - +00) the potential ap-
proaches zero.

4. The potential function is even with respect to the x and z coordinates; that is,
V(x, y,2) = V(=x,2)
and
V(x, Y, Z) = V(xs Y, — Z)’

It does appear difficult to construct a solution for V that will satisfy all of these
conditiors.
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(a) Physical arrangement.
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(b) Image charge and field lines.



4-4.1 POINT CHARGE AND CONDUCTING PLANES

The problem in Fig. 4-3(a) is that of a positive point charge, Q, located at a distance
d above a large plane conductor that is at zero potential. If we remove the conductor

and replace it by an image point charge —Q at y = —d, then the potential at a point
P(x, y, z) in the y > 0 region is
0 1 1
Vix,y,z) = ——, 4-37
(x, ¥, 2) e, \R, " R_ (4-37)

where R, and R_ are the distances from Q and — Q, respectively, to the point P.
R, =[x*+ (y — d)* + 2*]*7,
R_ =[x*+(y+4d)* + z?]V>

P(x, y, 2)

0, 4,0)

Grounded
plane conductor >x

. Z

(a) Physical arrangement.

(Imag—chharge)

(b) Image charge and field lines.
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(a) Physical arrangement. (b) Equivalent image-charge (c) Forces on charge Q.
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we have, for the net force on Q, - |
7
F=F1+F2+F3, .// l.
+ —_—
where , Q ¢
0
F, = —a, 2°
4meq(2d,)
Q2
F2 = _ax 20
4n€o(2d1)
Q2
F,

= a2d, +a2d,).
47550[(2‘11)2 + (2d2)2]3/2 320 24
Therefore,

0’ & 17, . 4 _1]}
F=16neo SN Erar E&|T @+ &)
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From Eq. (4-42) we see that if 4|‘ d ,
N

2

a (4-43)
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o P €

- : 4-44
V.~ V, in(da) (#-44)
where a2
d == D - di == D — 7’
from which we obtain'
d = (D + /D* — 4a?). (4-45)
Using Eq. (4-45) in Eq. (4-44), we have
€
C = (F/m). (4-46)
In [(D/2a) + \/(D/2a)* — 1]

Since
In[x ++/x*—1]=cosh™! x

for x > 1, Eq. (4-46) can be written alternatively as

TEq

¢= cosh™ 1 (D/2a)

(F/m). | @4-47)
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Laplace’s equation for scalar electric potential V in Cartesian coordinates is
o’V + oV + oV
ox%: = 0y* = 0z2

= 0. (4-81)

To apply the method of separation of variables, we assume that the solution V(x, y, z)
can be expressed as a product in the following form:

Vix, y, 2) = X(x)Y(y)Z(2), (4-82)

where X(x), Y(y), and Z(z) are functions of only x, y, and z, respectively. Substituting
Eq. (4-82) in Eq. (4-81), we have

d ’ (x) d*Y (y)

£ X()2(2) 2 T2

Y(y)2(2)

+ X(x)Y(y)

0,

which, when divided through by the product X(x)Y(y)Z(z), yields

1 d2X(x) 1 d2Y(y) 1 d°Z()
X)) a2 Yy & | Z@ d

= 0. (4-83)



1 d?X (x) _
X(x) dx?
where k2 is a constant of integration to be determined
from the boundary conditions of the problem.

— k3, (4-85)

It is convenient to rewrite Eq. (4—85) as

d*X(x)
—5a + k2X(x) = (4—86)

TABLE 4-1
Possible Solutions of X"'(x) + k2X(x) =0

k2 k, X(x) Exponential forms' of X(x)

0 0 Aox + B,

+ k A, sin kx + B, cos kx C,e™* + De ™

- jk A, sinh kx + B, cosh kx C,e** + D,e™ ™

t The exponential forms of X(x) are related to the trigonometric and hyperbolic forms
listed in the third column by the following formulas:

et’* = cos kx + jsin kx, cos kx =4(e™* + e ¥), sinkx = zlj(e""‘ — e~ kx),

et** = cosh kx + sinh kx, cosh kx = 4(** + e™*), sinh kx = (¥ — e™*¥).



d*F(x)

dx?
F(x) :sin (kx)
F(x) : cos (kx)

V""ZL’ wils 3 IS8 4 gl dslas S

+k*F(x)=0
il 3 sl g 5l S 0T e ges la g

} = F(x) = A sin (kx) + A, cos (kx)

F(x):e™ . .
() ot = FX)=A e +A,e™
F(x):e™
dZF(X)_kZF(X):O V"'*'“;L als o5 J.i,f;’cu. sl dsles STL
dx? 1l 25 sla b 5l (SO s sl Sl

F(x) :sinh (kx)
F(X) : cosh (kx)
F(X): e

F(x):e™

} = F(x) = A sinh (kx) + A, cosh (kx)

} = F(X)=Ae*+A,e™
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Solution Referring to the coordinates in Fig. 4—15, we write down the boundary
conditions for the potential function V(x, y, z) as follows.

With V¥ independent of z:

V(x, y, z) = V(x, y). (4-90a)
In the x-direction:

V0, y) =V (4-90b)
V(o0, y) = 0. (4-90c)

In the y-direction: :
V(x,0)=0 (4-90d)
V(x,b) = 0. (4-90e)

Condition (4-90a) implies k, = 0, and from Table 4-1,

Z(z) = B,. (4-91)

" The constant 4, vanishes because Z is independent of z. From Eq. (4-89) we have

kZ+kZ+k2=0. (4-89) k2= —k2=k?, (4-92)




o0°V(X,Y) . O°V(X,Y) _ 0 VONXOYY)
2

VAV(X,y)=0= g
0°X (x) °Y(y)
% + X (x =0=
(y) @XZ ( ) y2
FXOOY(Y) 1 d°X + isz =0=
X dx? Y dy?
——
—+k2=k? =—kZ=kZ=—k?
( 1 d2X 2 (dzx 2
X dx? K dx? ° X(x)=D,e" +D,e ™
] , =3 = - -
1y, dY Y (y) = A, sin (ky) + A, cos (ky)
- 5 = —k > + k Y — 0
Y dy  dy

V(X,y) = X(X)Y(y) = (DlekX + Dze‘kx)x (A, sin (ky) + A, cos(ky))



X(x)=D;e™ +D,e ™
Y(y) = A sin(ky) + A, cos (ky)

y=coshx

\

4

V (o0,y)=0 )X(X) _ Dze_kx

(4-93)

(g Oy o b

VOO0 5y (y) =A,sin(ky) (4—94)

Iy:(;othx y=sinhx

y = cosh(x)

y = tanh(x)

y = sinh(x)
3T
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Vi(x, y) = (BoD,A (Je”** sin ky

= C,e " sin ky, (4-95)

where the arbitrary constant C, has been written for the product B,D,A4;.
Now, of the five boundary conditions listed in Egs. (4-90a) through (4-90¢) we
have used conditions (4—90a), (4—90c), and (4—90d). To meet condition (4-90e), we

require

V(x,b) =0. (4-90e)

which can be satisfied, for all values of x, only if

or

or

Therefore, Eq. (4—95) becomes

V(x, b) = C,e " sin kb = 0, (4-96)
sin kb =0
kb = nn
nm
b, n=1,2,3,.... (4—97)
Vi(x y) = C,e”"™*/® sin il y. (4-98)

b



V@, y) =

Q0

nTCX

ZC e P sin

Vo  (4-90b)

N7t _ _
(byj , (4-98)

ools (AA=2) (5 alaily 5> (4-90b) L 0sls 1 3 L

V0,5 =) W(0,y) = Z C,sin ="y .59

1

= V,, 0<y<b

o Db
. (mm . (nm . (mm
V.sin| — v |dy = C.sin| —v [sin| —
(byjyzi“ (byj [b

yjdy (4-100)
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0

0

27
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V(x, y) = Z C,e"™*/® sin %73 y

n=1 ©

1 . hm
= ﬂ‘l — e~ "=/b gin — y, (4-104)
T n=odd n b

n=13>5,...,
x>0 and O<y<hb.
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1d¥Y d?Y .
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r o d dR(r)] s L EYD) g
R dr| dr |" ®(¢) dg?

=S o J-

R(r) dr dr

1 d*®(¢) — k2 (4-120)
O(¢p) do?




d*®(¢)

T do? + k*®(¢) = 0. (4-121) BSged g s by Oysa Olg 0 1, (VY =8) (g alolas
O(¢) = A, sin np + B, cos ng, (4-122) o> A3l (Gl mem e K K=N S

Ll el slael By A &
Ld?RO) | dR()

o2 tr———mRr=0, (4-123) ls (N4-8) s s

e o OVY=E) Ol )Y U i Ol a5 wals O
R(r) = A"+ Br™". (4-124)
L] o b Z 51 s (NV1=8) LY Walas Sl « (NMV=£) 53 (0YE=8) 5 (VYY=£) Osls I3 L
V(r, ) = r'(A, sinng + B, cos ng) + (4—125)
r ™A, sin n¢ + B, cos ne) n#0.
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Eq. (4-121) has the simplest form when k = 0. We have

o) _

d¢?

The general solution of Eq. (4—126) is ®(¢) = Ao¢ + B,. If there is no circumferential
variation, A, vanishes,' and we have

(4-126)

®(p)=B,, k=0. 4-127)
The equation for R(r) also becomes simpler when k = 0. We obtain from Eq. (4-119)
d| dR(r)|
= [, = ] =0, (4-128)
which has a solution
R(r)=Cylnr + D,, k = 0. (4-129)

The product of Egs. (4—127) and (4—129) gives a solution that is independent of either
z or ¢:
Vir)=C,Inr + C,, (4-130)

where the arbitrary constants C, and C, are determined from boundary conditions.



EXAMPLE 4-8 Consider a very long coaxial cable. The inner conductor has a
radius a and is maintained at a potential V;. The outer conductor has an inner radius
b and is grounded. Determine the potential distribution in the space between the
conductors.

Solution Figure 4—-18 shows a cross section of the coaxial cable. We assume no z-
dependence and, by symmetry, also no ¢-dependence (k = 0). Therefore, the electric
potential is a function of r only and is given by Eq. (4—130).

The boundary conditions are

V(b) =0, (4-131a)
V(a) = V,. (4-131b)
Substitution of Eqgs. (4—131a) and (4-131b) in Eq. (4—130) leads to two relations:
Vo) =C,Inr + C;, @130 Culnb+ =0 4-132a)
C,lna+C, =V, (4-132b)
From Eqgs. (4-132a) and (4-132b), C, and C, are readily determined:
C. - _ Vo ’ _ Vo In b.
! In (b/a) 2" In (b/a)
Therefore, the potential distribution in the space a <r < b is
V() = :; » <b> (4-133)

Obviously, equipotential surfaces are coaxial cylindrical surfaces. —
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Vir, ¢) = A" sinng.  (4-135)
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Ve, ¢) = 2o Z ! (Z:-)n sinng, r<b. (4-139)
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n=odd
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o0

Vir,¢) = ) Vir )

"1 (4-140)
= Z B,r~" sin ndo.
n=1
Atr=b>,
V(b, §) = Z B.b~"sin n¢
‘n=1 (4‘“141)

Vo for0 < ¢ < =,
-V forn < ¢ < 2m.
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V(b, 6) = Ot (4—155a)
V(R,0) = —Eyz = —EyR cos 0, for R » b. (4-155b)

sl JS Slpms 1S w3 13 G50 S o S Sl s BB s adyl By oS ol pygie (4-155bh) ¢ dsles

Sl Sobe e g sl 4 (Sily pde 58 b5 s L b
V(R,0)=Y|AR"+BR " P (cos6) ; R=b (4-156)
n=0

.w\Al:EOJJ&L{}.\pAlﬁquAn rw C-«mﬂL’u“’(4'155b) Lf;mvjjb

V(R, ) = —E,RP,(cos 0) + B,R~®™*DP (cos 0)
n=0

— B,R™! + (B,R~2 — E4R) cos 0 + Z B,R~"*VP (cosf), R >b.
=2 (4-157)

:Dﬁdﬂd.ﬁw‘jw\Bozou.m.::W‘)L{Oj.l{o;dﬁjW‘Lﬁf}‘))[{éo;&i‘Lgdj‘é‘\l.o.?_-

IR B,

V(R, 0) = <R2 B,R~®*DP (cos 6), R >b. (4-158)

@®
=2

EOR) cos 0 +

n



oS o Jesl RED 5 15 (4-1550) (5,0 b2 0551
0= (’;; E0b> cos 6 + Z B,b™* VP, (cos 6),
n=2

from which we obtain

B1 - Eob3
and
B, =0, n>2.
We have, finally, from Eq. (4-158),
3
V(R, 0) = —E, [1 — (%) ] R cos 6, R >b. (4-159)
b) The electric field intensity E(R, 0) for R > b can be easily determined from
—VV(R, 0).
E(R, 9) == aRER + agEg, (4—160)
where
ov b\?
ER= —B'ﬁ":EoI:l +2(E) ]COS 9, R>b (4—1603)
and
' av [ b\3
- = _ —(=) |si > b. 4-1
E, R0 E, _1 (R) :|s1n9, R>b (4-160Db)
The surface charge density on the sphere can be found by noting that
p(0) = €xEg I 3eyE, cos 6, (4-161)

which is proportional to cos 0, being zero at 0 = n/2.
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_[V(O) SinOP_(cos0)do=A a" j' P_(cos0)P.(cos0)d(cos0)
0 0

: 2
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N
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_[V(O)sin OP (cos0)do=A a" ( 2 j =
S 2n+1

A = 2n +l_[V(6)sm OP. (cos0)do
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