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(3) 1. COsS X, SIn X, cos 2x. sin 2x, -, COS HX., SINAHX, " -.

All these functions have the period 27r. They form the so-called trigonometric system.
Figure 259 shows the first few of them (except for the constant 1, which is periodic with

any period).
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0 \_/ n \_/2:: o\/ \:_r/ \/2::
{f\ x/\ on D/\ /\x /\ on
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sin x sin 2x sin 3x
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Fig. 259. Cosine and sine functions having the period 27 (the first few members of the
trigonometric system (3), except for the constant 1)
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Fig. 258. Periodic function of period p

S sl
The series to be obtained will be a trigonometric series, that is, a series of the form

ap + aycosx + bysinx + ascos 2x + bosin 2x + - -+
4 - _
“) = agp + Z(ancosn.x+bnsmnx).

n=1

agp, ay. by. as. bo, - - - are constants, called the coefficients of the series. We see that each
term has the period 27r. Hence if the coefficients are such that the series converges, its

sum will be a function of period 2.
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Now suppose that f(x) is a given function of period 277 and is such that it can be
represented by a series (4), that is. (4) converges and. moreover, has the sum f(x). Then,
using the equality sign, we write

(5) f(x) = ag + i(an cos nx + by, sin nx)

n=1

and call (5) the Fourier series of f(x). We shall prove that in this case the coefficients
of (5) are the so-called Fourier coefficients of f(x). given by the Euler formulas

kn

1
0) ao :EL f(x) dx
(6) (a) %Z% f(x) cos nx dx n=12--
(b) bﬂ,:% f(x) sin nx dx n=12---.
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A Basic Example
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3 5 7 4
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— b  — (aJl
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Fig. 260. Given function f(x) (Periodic reactangular wave)
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First three partial sums of the corresponding Fourier series
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Figure 7.15 Plots of f(f) for a square wave: (a) N = 1; (b) 2; (c) 3; (d) 20.
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| EXAMPLE 1| Expansion in a Fourier Series

0, -—r<x<i
Expand f&) = {w—x, O0=x<m 12
in a Fourier series. J
SOLUTION The graph of fis given in FIGURE 12.2.1. With p = 7 we have from (9) and 'z
(10) that , \\. .
1 - 1 1] T 1 Iz " ar - T
ag = Jf{x)dx= ” ﬂdx+L{1r—x)dxl= |mr— :| =
) o T T 2l 2 FIGURE 12.2.1 Function fin Example 1

1 o r0 T
a, = J_f(.rc)oosmrd.ir=;_[J 0dx + L(w—x)oosnxdx]

T
—w
1[ ginnx ™. X[
='—l(g—x) + —| sinaxdx
mL o Nk
_ L.cow]”
nr n 0
—cosnmw + 1 B
= : <« cosnm = (—1)
na
_. g == )
i
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In like mammer we find from (11) that

1" 1
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> - ﬂ)_w+~2ﬂ{l—(—1}“ L }
I]]-f:lf-'i X)) — — COs X — SN ARX .
4 n=] ﬂi".iIT R
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l N g
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A ) 9 (§ o (59 3 p=YL‘.|,.;.J>'.,,,&,L,G|,:~,,,s¢,.~4s MOl Oy o Siluw
b p=YL ‘.,,al,cl:&,f(x);lcil,): ol s Ll p=T e,k al g

Sl 12520 30 41 40535 5 e S (110 s o S 08 Lol oK
fH(x)= ao+i(ancos%x+b“ sint—nx) (1)

na\

Lig oo tlons 5 2 4 gl Sl gn B S ) gy gb il oo O 3 68

L
1
() "OZEJ f) d
L

L
nirx

(6) (a) %Zij f(x) cos i
-L

d—r H:],Z,"'

L
niTx

]J_Lf(x)sin 3 dx n=12---.

L

(b) by

34



Spspply¥.Ne
ot il 51015 o A3l 9343 5 b 51 ¢ s S 4 3 il o e
JB e VIR e Sde wlic 33 i 8 (U ) done T 4 g e 0,5 Dl (5 8
el s g s (5115 LT S sdalis il 4 L8N, e
x,s‘gl,‘lq.lffg.deu'¢y=g(x)GU6r¢,.:¢JSbI.L:,|
g(=x) = g(x) .
6olf a caubajpl, h(X)C!U YO S0 ) il O e Y o 4 cd il i 1 gl
(YYF JSo . 8. ) ptl clls X 15

h(—x) = ~h(x) .
Fig. 266. z
Even function Fig. 267.

Odd function
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c\iﬁ c.L.:-L! C‘,) ‘.’\3\5 g
L | L
[ 800 dx = [ gx) d (g3 2

S

(1)

oA5S1 LJJ-Lg.\)uQUh;\

L
[ hx) dx =o (g ).

sl ws s =) o
s ] €t iS4y 90§ i VST gl 0500 B g il 48 (5

f(x)=a°+iancos—nfnx (zs5D
g 3l 248
- %f’f(x) dx, a = %J:Lf(:l()cosgl“E dx. n=\Y.... . b, =0
R ] 'u"ﬁr‘ 4P S YL, lfs 2l ) 98 (5 e
x)-Zb sm—x (5D
9 O 548

Y rL
=ELf(x)sin? dx.

a, =0

(Y)

36



Jewlo)le

f(x)=a,+2ancosnx (74 £y 0
g Ol s a8
\ p=x Y ox
A= —I f(x)dx, a, = —I f(x)cosnxdx, n=\Y,... (**)
%7 i« e
‘..a“,b ":"“"g}").‘:"'QJ);L;J"Q‘S YK?}B‘)_’)Lf.‘)@U\&J‘ﬂ)}W}
f(x)= Y b, sinnx Gaf) (8%
g tﬁ).us
Y rx :
b, =—I f(x)sinnxdx, n=\Y,... (#*)
n "
T ASSY

T &b Sl plp iz ab g0 oy
TSl popabog,s
NEPNEIE S PUEIE GNP S (gl 5 pyamma )Y i

v ] fr‘, ﬂclj}uab_)ﬂw"éth|ﬁ f\‘f‘f‘.t:,...gn.c&uri%‘}_l’
.J.:llg'_'ﬁ fGUQ.J)ihﬁ|,J)!|ﬁC£ C@UW,&JU‘Q thQ‘)jgﬂl}.ﬁ'y



(a) Find the Fourier coefficients corresponding to the function

{0 —5<z<0

F(x) = Period = 10

3 0<z2<b

(b) Write the corresponding Fourier series.
(¢) How should F(x) be defined at x = —5, £ =0 and # =5 in order that the Fourier
series will converge to Fi(zx) for ~6 =2 =57
The graph of F(x) is shown in Fig. 6-4 below,

F(:B)l
~s— Period —»

-——— —T ————

~15 -10 -5 5 10 15
Fig. 6-4
() Period =2{ =10 and [ =5. Choose the interval ¢ to ¢+ 2! as —b to 5, so that ¢ =—b. Then
e+ 5
o, = —}f F(o) cos 2 dz = %f F(z) cos " dz
e -5
= 1 fu(ﬂ) 27T dr + 5{3):: 2T dw = §f5cosmda:
- B J®Ts L T 5J, 5
_ 3/5 , max\|® _ .
= 5(-1;5111 5 ) = 0 if n##0
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If n=0, a, = a = gj‘;cos%r—mdw = -g--gda: = 8.

c+2i ]
b, = -}f F(z) sin-i#dm = -é—_f F(x) sin "¢~ dz
c -5
= 1 fn(ﬂ}ﬂinmdx +J-E{3)sin-nﬂ-dm = ﬁfssini‘-?fdx
51 J_ 5 A 5 5 J, B
3 5 _ 3(1 — cos nr)

s( b os nw
5\ mz " b
(6) The corresponding Fourier series is

% S nax comre
5 + 1El(u.“cw:n?. : +b,,sm—-r> =

0 na

n=1 N 5

6 TX 1 3rx 1 . brx
+;(sinT+§sinT+EsmT+

LUV ST
+

M

&



"’"1)31 Caddy ‘_} I:Z S]-unll{)'_ & \_j"‘ﬁL*’ ‘J_!Ln_,‘_ji__‘}a o oaly ‘JL-A-I. ELF d‘-.‘_JjB szmd..bd.’?-}al.! dL'.'.g

2 1 .
= —x—smnx

| f(x)dx =

-2

sin no

n=1
o T
‘J=
L=m=
nm 2 'r. ¢ T
x dx =—¢ 1 x cosnx dx + (0)cosnxdx ; ipyle aadl g
n 'T| 0 o J
) 2
= sinna
nm
ol T
. 2 2a dg «
_I (1)clx+—J. (0)dx="— - —==
0 ), T 2 T
Ccos X
WJ}LJJJSJ)JJMQB o el f(X) (:.;Lgi;....}..:da.m}i—ﬂ
sinno o 2~ sinna T | a
———cos0 — ]:—'+—Z' [=—|1-—|
T n n 21 )

n=1
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PARSEVAL’S IDENTITY FOR FOURIER SERIES

8. Assuming that the Fourier series corresponding to F(x) converges uniformly to f(z)
in (=1,1), prove Parseval’'s identity

1 (! ag
1 f_l {Flx))*de = - + > (a2 + b2)
where the integral is assumed to exist.

o
If F(x) = %-[— n§1 (a.,, eosﬂ?i+ b, sinﬁ?’-) , then multiplying by F(z) and integrating term

by term from —I to ! (which is justified since the series is uniformly convergent) we obtain

] ! w i I
f {F(x)}2de = ? f F(z)dx + El {auf F(z) cos 1’;5 dz + b, f F(z) sin %dw}

-1 -1 n= -1 1

at =
= gl T 13+ @
where we have used the results
! NrX y e g

f F(x) cos 5 de = la,, f [ F(z) sin < de = Ib,, f Flz)dex = Ilay (2)

obtained from the Fourier coefficients.

The required result follows on dividing both sides of (7) by {. Parseval’s identity is valid under
less restrictive conditions than that imposed here.
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Sl als 0 (5l gdann

&J{(Su'au‘s' f(X)Gus‘ﬁw’i‘SﬂQLﬂ.ﬁ‘qw}gC’:ﬂJhé)ﬂ_)uﬁ

fx) V
l

L x
(0) The given function f(x) a3 28 Wi tolai 0y ge alpd 9 L sliipn b o gliza f(X) 3
Sl patl o ligt o A i g oS S b LSl 045 440 5w UL,
39U a5 b S S ul 5 63 pad 3l Ol o (K S il 551 gl
b Lt o Jols f(x); oSx <L

f(x) o<x<L
fi(x) =
f(-x) -L£x<o
P S s gl man (270 J52) f(")c!“cb'u:f“““‘! fi(x+YL) = fi(x)
3y s 5 5 g 40 g ) s
f(x) o<x<L
f(x)=
-f(~%) -L<x<o
Sl £(X) A Vo iu ) dia as gl . (2 270 JSO) f(x +YL) = fi(X) 4
kil f(X) Lo S X S Lol )3 48 ol om0 53 (6 om0 (X)) sl e S 543

L3y oy a5 (A o DL KB S ) phailen 0 S X S Ll , S ol
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_/ fz( ’

prsa B(X) 5 0 S XS L Al gl aials o a4 43 33 (Sl e Ll g Ly L K )
el ole oy Sl als o Jay ol iy 2L
f(x)=a, +Zan cos-nfnx Q)

n=\

DTJJ‘S

\ oL
a,=—I f(x) dx,
L °
Ve e (Y)
a =—| f(x)cos—dx, n=\7V,...
v =7 [, fx)cos= \

f(x)= Zb,, sin%x ()
f o a8

Y ., NTX
b, = | f(x)sin=—= dx :n =\Y,.. ()

_/ T"’/ . i 4

L

-

L/4 : -L L *
(a) fix)continued as an even periodic function of period 2L

(b) flx) continued as an odd periodic function of period 2L

Fig. 270. Even and

odd extensions of period 2L
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Ol gl acals 3 (glglay 5 Hoads

EXAMPLE & “Triangle” and Its Half-Range Expansions

2 V\ Find the two half-range expansions of the function (Fig. 271)
| (2k

L
x —X if 0<x<—
0 Li2 L 3 5
Fig. 271. The given fix) =4
' ' 2k L
function in Example 6 Zro-w if Eer<l

\

Solution. (a) Even periodic extension. From (6%) we obtain .Jlouai,j =S ()

1" 1] 2 L’2d+zk L{L o] <X
(6%) GQ:_J f(x) dx, ap = —| xXdx + — —x)dx | = —,
Lo L-L 0 L L2 2
-L
_2 nx _ 212 (Y% am 2% (© nr
aﬂ_LJ J(x) cos L dx, n=12---. ap = —| — x cos —x dx +—J {L—x}cns—xdx].
0 L_LUL L L L/ L

We consider a,,. For the first integral we obtain by integration by parts

L2 L/2 L2
' ni Lx  nm L .onm
Xcos—Xxdr = —sin—x - — sin x dx
L nir L 0 nir

0 0

12 . R 12 nir
= sin + 55| €os — — 1.

2nT 2 nemw 2
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Similarly, for the second integral we obtain

L nir L R
(L—x)cos—xdx =—(L — x)sin—x

L L\  n 12 nir
=|0——|L——|sin — 5 5| cos nT — cos —/— |.
nir 2 2 nem 2

We insert these two results into the formula for ay,. The sine terms cancel and so does a factor L. This gives

4k (2 nar 1)
dy = COs —— — CcOs NTT — )
" nzﬂ'z 2

Thus,
azg = —16k/(2%*m),  ag = —16k/(6°T%).  ayp = —16k/(10°72), -
and ap = 0ifn # 2,6, 10, 14, ---. Hence the first half-range expansion of f(x) is (Fig. 272a)

o k lﬁk(l 29T . 1 61T . )
X)= — — —(—\| —CO5§ —X T COs — X S
2 g2 \2? L 62 L

This Fourier cosine series represents the even periodic extension of the given function f(x), of period 2L.
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Sloyssp 28 (0)

- L

J f(x) sin

0

nITXx
dx.
L

B~ 2

b, =

(6+%)

(b) Odd periodic extension. Similarly, from (6%*) we obtain

5) by 8k  nw
= sin —.
nZar? 2

Hence the other half-range expansion of f(x) is (Fig. 272b)

sk 1 1 37 1 57
flx) =——|——sin—x — —sin X 4+ — sin x— + --- |
m N2 L 32 L 52 L

The series represents the odd periodic extension of f(x), of period 2L.
Basic applications of these results will be shown in Secs. 12.3 and 12.5.

_L\/} I\/ * -L 0
(a) Even extension

(b) Odd extension

Fig. 272. Periodic extensions of f(x) in Example 6
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EXAMPLE 5 Sawtooth Wave
Find the Fourier series of the function (Fig. 268)

fo)=x+m if —w<x<a and f(x + 27 = f(x).

flx)
P - x

we £ (X) a0 el o . F(X) = £(X) + £(X) il o £ (X) =Ty fi(X)=X 55 L . Jo
Y amad ply gy oyl LS e e R ) TaS (ol das) Jyl dasr gy 8 )l o8
3) f\(X)L.)_,P" . el ﬂ(X)M‘JJbLﬁ"ﬁfdb el nﬁlﬂda.}’;q bnt anb‘)_,i;_..gljé
sa, =0 alan=\Y gl comd
R Y .
b, =—| f(x)sinnx dx=—rxsmnxdx.
Ve n o

" LAY

cfl P e b e Sy S S5

Y| —xcosnx|® \ p= Y
b =—| ——— +—I cosnx dx |=——cosnm .
n o nve n

Y Y
3 el 2yl f(X) 4y 98 (5 Soilad ¢ o . ¢ by "% ‘b,=;‘b, =—-‘;‘b\=\’w

. X P
f(x)= 1t+Y(smx—;sm\’x+;sm\'x—+...). 47



Fig. 269.

0 T X

Partial sums Sy, S2, Ss, S20 in Example
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BETYTE] Expansion in Three Series

Expand f(x) = x%,0 <x < L, (a) in a cosine series, (b) in a sine series, (c) in a Fourier series.

¥ , SOLUTION The graph of the function is given in AGURE 12.3.10.
¥=x 1,':'{1{..[.- {a} wcha\rc
2 [+, 2 2%, nw 4LX(-1)
A % LLI 3 % ,iz,[:,““:m,izMTI wimt
L
where integration by parts was used twice in the evaluation of a,. Thus
. : LZ 4L2 oa 1"
FIGURE 123.10 Function fin Example 3 foy = E 4 S (— ) 0T @)
3 772 a=1 L
(b) In this case we must again integrate by parts twice:
2 [t nr 20— ljl"‘J“:l 412
- 2 o 0 "
b‘—LLx su:lL.tdr nar 33[( )" —1].
202 =, [(—1)HT 2 . . nw
Hence fo)y =" 2"1{ .t 52 [(—1)* — 1] ¢ sin Tx (9)
(c) With p = L2, 1/p = 2/L, and nm/p = 2nmw/L, we have
2 [ 2 2(*, onmw L
ay = ELIzdx = 3L2, a, = EJHIZCDS L—Idx = n_zqﬁ
2%, . 20w I
and b‘—EJU.: sin " xdr = — .
LZ LZ oa
Therefore  f(x) = - E{ cos 2Ty — lsi.nzn—w.t}. (10) =
T p=1 L n L

The series (8), (9), and (10) converge to the 2L-periodic even extension of f, the 2L-periodic
odd extension of f, and the L-periodic extension of f, respectively. The graphs of these periodic
extensions are shown in FIGURE 123.11. 49



L/2L 3L/ AL

(b) Sine series

I,

-4L -3L -2L -L L 2L 3L 4L

(c) Fourier series

FIGURE 12.3.11 Different periodic extensions of the function fin Example 3
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Complex ﬂd@

halsses o al g5 Jalzes slasl

Jaloses asnio . Jalosea sl V. VY

Analysis

X' —lox+¥e=oLx ==\ a gVslas boblasl ) «2dif gl 5
o ady; s aS Vslas Jo (K 8a ) e iz gl Jids 4ty ) a (g1)l3 a8 L2 o 0
R VLYK S X CEE P2 VPR - 3
ol Y g X Rk 348 93 3 (X,Y) S e s S Z Jaltes de S0 iy i 4 Ly
z=(X,y).
K g o 3 sl a7 g b i | Y g i S | X
Rez=x,Imz=y.

x\xrnhgr;‘;qwiunfdei,J’ggWog‘}x:_JJ,b H&.-).U-))

L3 g0 )3 o 5 4l e r e a1 (1))
| :(o,\), (\)
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D et ] ek

oS oy Ly = (X Yy)s 2y = (X)) il

Addition of two complex numbers 71 = (xq, y1) and z9 = (x9, Vo) 1s defined by
(2) Z1 + 22 = (x1,y1) + (x2,¥2) = (x1 + X2, ¥1 + Ya)
Multiplication is defined by
(3) 2122 = (X1, y1)(x2, ¥2) = (x1x2 — y1¥2, X1¥2 + x2y1).

In practice, complex numbers 7 = (x,y) are written
(4) z=x+1y

(X1 + iy1) + (xg + iya) = (X1 + x2) + i(y1 + ya2).
(x1 + iy)(x2 + iv2) = x1X2 + iX1yg + iyixa + iV1y2

= (x1x2 — y1y2) + i(x1y2 + x2y1).

EXAMPLE 1 Real Part, Imaginary Part, Sum and Product of Complex Numbers

letz; =8+ 3iandzs =9 — 2i. Then Rezy = 8.Imz; = 3,Rez3 = 9,Imzo = —2 and

1 +tz2=@B+3)+ 9 -2 =17 + 4,

2122 =@ + 39 -2 =72+ 6 +i(—16 + 27) = T8 + 11.i.
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_ Subtraction, Division
z1 — 22 = (X1 — xg) +i(y; — y2).

The quotient z = z1/72 (z2 # 0) is the complex number z for which z1 = zz2. If we
equate the real and the imaginary parts on both sides of this equation, setting z = x + 1y,
we obtain x; = X9X — V9V, ¥1 = Vox + Xx9V. The solution is

&~

1 . X1Xg T V1¥2 X2V1 — X1¥2
=Xty X=To—o, VS
Xz T yg

T z=

E\J|
i

2 2
X3 t yg

The practical rule used to get this is by multiplying numerator and denominator of z1/z5
by xo — iyo and simplifying:

x1 +iy1 (x1+ iyp)lxz —iya)  x1x2 + y1y2 L Fed T Xy
Z p— - p— - - p— I
Xg +iyg  (xg + iya)xg — 1ya) x5 + v3

7
X3+ y3

EXAMPLE 2 Difference and Quotient of Complex Numbers

Forzy =8+ 3iandzo =9 —2iwegetz, — 29 =1(8 +3i) — (9 — 2i) = —1 + 5i and

£

1 B+3i (B+3N9+2U) 66+43 66 N 43
= = = =— T —L
2 9-2i (9—2)9 + 20 81 + 4 8 85

£
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ks slael gl ;J.QQJ‘,E&)‘AMEJHJCQ?JSM Ll.:s..au»lg,.a_,cqwl,-'-

:(o=(0,0)y =2 =—-X—1y [q-;gl)é)r.ub‘)j_j@u Zey Zyo 2,0l 3

Z+Z, =2 +2,
(Jla.-fl-z-;,._.;l,a){

LZy = 7,27,
e 3 {(z,+z,)+z,=z,+(z,+z,)
S 2k S5 a8 (il 99

_ (zz,)z, =2(2,2,)
(A)

(Ssndpsiogps) Z2(Z, +2,) = 22, + 22,

L+o=o4+Z2=7

Z+(-z)=(-z2)+z=0

2. \=7

Gadas o Z Mo senl, 2= X-l-iyu‘;&.ow&pja.m..ﬂéu}leﬁ}a
AS ey m ) ) gee

Z=X—-1Yy.
AL S ) et by e Z oS 7 e
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Complex Plane lalzia dsiee

(Imaginary ¥
axis)
Y I
P _ x
T=x+1y
l |
| (Real
© 1 x axis)
Fig. 318.  The complex plane Fig. 319. The number 4 — 3i in
the complex plane
y
y
X
Fig. 320. Addition of complex numbers Fig. 321. Subtraction of complex numbers
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(sl i 38 S ZZ = X+ Y puls altien sde S g3 5 i T 4y 4 3
Z G155y paie b cogdhe 3,003 )18 lakiina sliel o i 3 Wete i gl (5 sl 3 Cnolss
\ ;..:.,;o[,:‘(,bﬁlxt,. 2=Z=Ny,2+Z =YX ol 0 Z
Rez=x=-‘;(z+i), Imz=y=r—i(z—i). (4)
Los S, . K0 Z=2c (Valblllc 2= X gy 1 d2l i 3ae S Z o 2
ol Sl BT 53 50

(z1 + 29) =71 + 2o, (21 —22) =71 — 23,
_ (\e)
_ 1 Z1
— I1i9. -— | = .
(3132) 142 72 72
N\ rs
y

z=x+iy=5+2i

-2k E:I—iy:5—21

Fig. 322. Complex conjugate numbers
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EXAMPLE 3

Illustration of (8) and (9)
Letzy =4 + 3iand 25 = 2 + 5i. Then by (8),

3i + 3i

= 3.

1
Imzy =—[(4+ 3) — (4 — 3] =
1 21’[ ) — )] Y

Also, the multiplication formula in (9) is verified by

(2122) = (4 + 32 + 5i) = (=7 + 26i) = —7 — 26i,

Z1Z2 = (4 — 3iW2 — 5i) = =7 — 261
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Polar Form of Complex Numbers. & e o
a o 15, Jaksseasiel Y. \Y
Powers and Roots oy lely ol S

(1) X = rcos#, y = rsin#f.

We see that then z = x + iy takes the so-called polar form

(2) z = r(cos 6 + isin®).

r is called the absolute value or modulus of z and is denoted by z|. Hence

(3) izl =r=Vx = VzZ.

.LJLJQL.A.‘—&.&»‘J__:)‘Z(L&L’ IZILJ.-.E.DJB)'\
ol Zy 3 2,2y ol |2, — 7,

L ol Arg Zalal a2 0lET1, 0
0 =argz=arc tan > s Z#o,
X
..L.:-LJ YAVJ“J)OP_’\LFL& XJ}-’\_#&:!)‘J\L‘-"Q_,‘J 9«0.-.&.@,1-;)\

—mT<Argz=T7
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Ve L YAQ IS Jalsies sde g3 o dlols . YAA S S5 it amis . TAY S
Jalsies anis Sl sde S i

el e, Jalziea sliel i S5 L VLt
T (YAQ U2 . 8. ) z=\+ias s
Z= \ﬁ(cosgﬂ- isin%): |z = /¥, argz = %i"nn,n =0,)...

it —-Vr

.' L » - - n T
Lol )._,U.., v ‘ " J‘.M‘Q)l‘-ﬁ)gga)pl&o. Afgz=‘;\.f¢_-\ﬂ|xbb;ﬂ'_’l.¢|)|.\b
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OPERATIONS IN POLAR FORM. DE MOIVRE’'S THEOREM

If 2z, = o, + 1y1 = (COS 01 + ¢ 8in ﬂl} and

Ze = X2 + 1Yz = r2(cos Pz + i8inby),
we can show that
zize = mrire{cos(0:1+02) + i8in(6:+ 62)) (%)
4 1 ' .
'E;' = 4, (c08(6:—62) + isin (6.~ 62)) (4)
2" = {r(cosd + isind)}* = r*(cosmé + isinne) (5)
where n is any real number. Equation (5) is often called De Moivre’s theorem.
In terms of Fuler’s formula
e® = cosd + isind
we can write (9), (4) and (5) in the suggestive forms
2129 = (riei%)(reei%) = ryreeiOt o (6)
21 _ M€ 11 ie-0p 4}
2y re€¥: T 1y
2" = (ref)* = grnent (8)
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20y dya . O
Vil me 3 i a (V) dpi 2 = =) Gl
(cosB +1isinB)" = con nB + isinnb (\Y*)
$ - Al 0 duie SINO 4COSO s, SINNO yCOSNO oy 51y dge b ol .35 5 0 e
ol i e 1 ) (V") il 6 b ga 31 o om e sl y ies glgmas s n =T 81 U
Lyt o Sl sl e )3 5l

cosYO =cos' O~sin'0 , sinY® = YcosOsin®,

Solve 22—2z—4 = (.

The possible rational roots are =1, =2, =4, By trial we find z =2 is a root. Then the given equa-

tion can be written (z— 2Nz22+ 2z + 2) = 0. The solutions to the guadratic equation az2+bz+e¢ = 0
-—I]sz— —9 + /4 — _-_|-1||"_

are z = b 2: 4“. For a=1, b=2, ¢=2 this gives 2z = 2 24 8 .2 5 4=

—2* 24
2

= =1 =+ 4,

The set of solutions is 2, =141, —1 —i.
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S Bl i ey et Dalisasliel e IS

-z, = 1(cosO, +isinB,) ,  z =r(cosH, +isinb,)

ol o palol- VVY e (M by wons o)l aadllans; gl 8 alisl o b Jls

BRI

2z, = r\r,[(cose. c0sB, —sinB,sinB, ) + i(sinB, cos O, + cosH,sin b, )]
oesla bnl3l
7.z, = r5[cos(B, +6,) + isin(8, +6,)]. (V)

Ll b foolo ) o il (V) gl y G b 53 51008 Ty llas )05 05 ST

] =2 | W

g

arg(zz,) = argz, + argz, (YR an 3l s 0). ()

P L= 2“ ™ P — 'r:.an').J—‘J)!JJ)—“JJ)th‘;‘-‘J“J3MJL"
Y

Jzz| =l |z] = |2 st 3 - 28 e 31 - 22, = Z, $\ -

ol o\ . arg(zz,) = argz +argz, = argz,

T RPN (Vo)
="l

62



Y e . DY .
) JH""_:?.:—H

) Sose L, Z S a8 sl wonls |z —Z| el o le Z. 5 Z ahais oo oy alols
{zze(Clz—z|=¢}
s3bslopls A1) Gl sl s aas o pladl) 38 oply Jgy0 bla|z —z. | <& golusb s

.,_J")E:WTQL’L_';Q a5 7L_g| .3)_‘;1‘.21 .,_J")é 1} L_-«.,.ull Gﬁ'.ﬁn Jj.:;'&u?_;sjé .!:JL?D JQLQ le_z.l S = L_Q_BL‘-H-"L’

o o0 QLN (Z.) L1515 258 (oo oausl 352, 5l (KolaonE G 5L
Ne(Z)AZ;ZeC |z —z.| <&}
LS pellamis o pls s manlie, < |z—z. | <& gopls Somblii|z—2z.| > & gslasls

wesS (o 5k Bob O 4 45 amase LS| By 5 &) sbe gl

63



(d)

Express each function in the form w(x,y) + tv(x,y), where » and v are real:
(a) z’,l (b) 1/(1—2), (¢) €%, (d) Inz.
(@ w = 22 = (x+iy)® = 2+ 322(iy) + 3z(iy)? + ()? = «® + Bixy — Bxy? — iy
= 8 — 3ay? + 1322y — 9?) |
Then  wix,y) = «% — 3xy?, vz, y) = 322y — 5.

_ 1 _ 1 _ 1 JA—z+wy _ 1—x+tiy
1—z 1 — (z+ iy) l—z—dy 1—xz+dy ~(1—x)2 + 32

— l—2 — v
Then “{xly} = {1—m}3+y‘3’ v(m,-y} - (1_$)g+yg-

el = gdztin) — gdrgdiv — ¢3z(cos3y + isinBy) and u = 3% cos8y, v = €37 gin3y

Inz = In(ret¥y = Inr+i¢ = Inyx2+y2 + itan—t y/x and
u = }In(x®+y?), v = tan—! y/x

Note that Inz is a multiple-valued function (in this case it is infinitely many-valued) since
# can be increased by any multiple of 27. The principal value of the logarithm is defined as that
value for which 0 = # < 2r and is called the principal branch of In=z.
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S 45 pams p &S [ i wli K45 g o 5 9L ISy ol s Sl 31 51T 5
f(X) it 24 SO S 13 X a4 oS cdl (gl et sa&s—igﬁ(ojlg&g?ru)gi,i»ﬂuijl
A IS ST ch,‘m1, f(X) . das o cosn

iy s
w = f(z).

kel e oy s als |5 S 46 yazs 34 nedaal aliis pazey A5 e o5 S 32wy

. * ‘ - - ¥ s
w = f(z) = u(x.y) +iv(x,y). 30 Gr L\ L g W Nen e

Jalziue e S 5 VIl
S5y W ey W= U4V aS dulu sk v yu KT w=1(z) =2 + Tz
| AS ailows 2=+ Vi
(pmar. V=Txy+ Yy u=Re f(2)=x" -y +x. Jm

fO+ D=0+ +Y0+ D) =V\=4+Fi+ Y +di=-0+\di.
VOLY) =105 uLY) = 08 s o L5 llan 2
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dalinn 4y b (5 e

4P S e S pahd p OL s (il 2
f(x)=a_ +2“:(a“oosnx+b,l sinnx) V)
ol .(J,’Sdka:;:‘};}ﬁ ) I Dl o Jalties oy gos 4 Oy 5 a3l ollons 5 s plonil

T o dA) Lyl d g pSS 4 Jae

e' =cost+isint
O 509

e " =cost—isint
e E=0X00 13 5,8 sy

e™ = cosnx + isinnx, (1)
e ™ = cosnx —isinnx. (v
(2 Y ey il 93 -
\ |
cosSnx = ?(e""‘ +e ). (%)
\ . :
=l T = =gl gb sVl i ydaly 93 50,50

: Yo eh o v SRS
SINNX = _._(cmx —-e lnl) - __(ellll - nx ). (o)
Yi Y
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25015 (0)y (D) e 5
a,cosnx+b, sinnx = %an(e"‘* +e™)4 Y—\ib"(em — ey
‘ PO T 2
= ?(a.. ~ib,)e +?(a,, +ib e ™.
Al o33 5y e 4 (V) il
f(x)=c, + 2(0,0"“ +k.e ™) )

n=\
\ \ 4
VY ¢ 5 PR WSR-S '8 =-Y-(an+ib,,), ¢« C, =?(an—ib.). C,=al pas
ru.)b Y.\o

n=\Y,.. (v)

\ . \ ok ",
k, = ?(ﬂ., +ib,) = -G‘Lf(x)e dx,

n=°,i\,i"‘..,, (A)
\ .
¢, =—| f(x)e ™ dx
Yrd-n
dalises gyl o | AC, 3 dala gy b 5 Szl w L wﬁ@,kk&og)”‘)gﬂ;ﬂl

.J'.Au‘_" f(X)Quj
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BETY TR Complex Fourier Series

Expand f(x) = ¢ %, —m < x < r, in a complex Founier series.
SOLUTION Withp = , (8) gives
1 F* 1 "
C J g Py = J. e~ Ut ix gy
n 2"]':"

2 — 1T —

—fin+ 1w __ E{in+l}n']_

1
" 2a(in + 1) ["

We can simplify the coefficients ¢, somewhat using Euler’'s formula:

gl — o=W(eos par — isinnw) = (— 1) ™
and eI = ¢™(cos par + isinnw) = (— 1),

since cos nr = (—1)" and sin nr = 0. Hence

(e™ — e ™) smhar 1 — in
= (—1" = (—1%" ‘
@= D amtnr TV a2
The complex Fourier series is then
_ sinhw & 1—in ..
fx)="_ ";_;m»:—n*'ﬂ1+ X

The series (10) converges to the 27r-periodic extension of f.

(9)

(10) =
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s Sl al g JallaS el 5386,8 Plos | ol 550 5 05l 4 43 lg
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S Gkl OlE e sl sad e (T 90 ) sl o S sl 2 Bl S0 LS,
o bl pdy LSl Glae (—o0gt 90) alol o f(X) 51 Ll ooges chessi 4yl o
- oo
i gimeS g gt Dez I JISEI Gl S LB s e e | H(X) SIS ‘.r_.x.lf(x)ldx < @

Py ) e el pre e 1l a5 IS oS

(5) flx) = A (w) cos wx + B(w) sin wx] dw.
0
A | B L ~ GG | | d B | 3 L - 0 | . r:ld
(4) (w) =— | f(v)coswv dv, (w) =—| f(v)sinwodv
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EXAMPLE 1

S oo oy 2y Je AL s L o aales

Rectangular Wave

Consider the periodic rectangular wave f7,(x) of period 2L = 2 given by

0 if —L<x<—1 )
, 1
fux)y=41 if —-1<x< 1 101 x

0 if 1 <<x<L.

The left part of Fig. 280 shows this function for 2L = 4, §, 16 as well as the nonperiodic function fix), which
we obtain from f7, if we let L — =,

{l if—1<x<1
(x) = lim f1,(x) =
&) L—*me : 0 otherwise.
We now explore what happens to the Fourier coefficients of f;, as L increases. Since f7 is even, b, = 0 for
all n. For ay, the Euler formulas (6), Sec. 11.2, give

1 (! 1 1Y 2 (Y nmx 2 sin (n7r/L)
dag = — dx = —, g = — cos— ¢dx = — | cos oy = ———,
2L 14 L L1 L 0 L L nm/L
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fL ( X) P JSJ Waveform f; (x)

Amplitude spectrum a (w )

a (w )aacalb
1r~

A3

\ w, = na/L

oL =4
1
2 N TI.:Q
fL[;I) \ n=10
1 e BRI s s O e —_ N
) 0 1 T 1.\5}J,T rw.j w
=—2L = 8—= n=6 n=1
1 n=4
i
| | 1 | 1 ﬂ T““'uwu H_ﬂl..-.-.-ﬂ/ﬁ.ll_*u
_ X
® 2LU16 ? n=12/- n=28’;{ “n
fix)
M1
101 x

Fig. 280. Waveforms and amplitude spectra in Example 1
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From Fourier Series to Fourier Integral

We now consider any periodic function f7,(x) of period 2L that can be represented by a

Fourier series

fr(x) =ap + D (ay cos wyx + by, sin wyx),

n=1

:f'-.‘-Jl"‘ ..,_,._NIJ,_; ;::L.}JIJEL]

fx )_—I f(v}dv+2[[ ILf(v)cosm,,vdv]cosmux+[%J.if(v)sinmnvdu]sinmnx]

ﬁmﬂ — mﬂ+l _mﬂ = -
L L L

1 " #
77T (*)

(n+Dx nr_z

= f(x)—— j f(v)dv+2{

)COS&I ?u'.'-l-[

Aw,

JSHI&P X
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1 Pl azdls asils Jl-
— —0 =
L —>wl L

Aw, -0

Py Ol F e ol ol

fx)= 0+]j111iHijLLf (V)cnsmnudv)coswnx Aw, +[ijif (v) Sinmnvdv)sin ®, X ﬁmﬂ]
n=l T T="

A, —0

Sr@=] (% [7f W)coswvdv)cosm,xd o, +(%_'_+: £ ()sinw,vdv)sinm,xd o,

-

=A-\Em} =31Er-_1}

1.f (x) = j: (A(w)cos , x+ B (0)sine, x)do, |

2. A@) =~ [ f )cosa,vdv \
—L.

REYNCRPPNCUN PRI K HIPUSICHIE {4 IS B PR

Y

3.B(w)= ij“’”f (v)sin e, vd v
g T
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EXAMPLE 2 Single Pulse, Sine Integral. Dirichlet’s Discontinuous Factor. Gibbs Phenomenon

Find the Fourier integral representation of the function

1 if lzl<1
Jix) = { (Fig. 281)
0 if |[x|>1
flx)
RN
of B 1 X

Fig. 281. Example 2

]. +® ]_ 1 ]_ -1 ]_ =
A(m)z—j f(v)cosmvdl-f:—_[rf(v)cnsmvdv+—j chosmvdv+—j Oxcosmvdv
T T T el

1 1 1 . 1
:—j. coswvdv =—-sinwv [
-l W
2sinw
4(w) =
7w
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1 p+ . 1 (-1 ; 1 1 : 1 (= :
B(w)z—J. f(v)smcovdv+—f Oxsma)vdv+—_.. lxsmcovdv+—_[ 0xsinwvdv
) " i b e -1

. v

J
g

) =0

=—coswv|,=0
[0Y:4

fx)= J-: A(w)coswx+B(w)smowxdow =

» 2 SN 0 COS @ s

@ =]

0 0]

\ \
! ;6.}‘-—'\1 ",'(\+°);:|;: X =\ 5 f(X) ol ) 5 oy 390 JL\:,

Furthermore, from (6) and Theorem 1 we obtain (multiply by 77/2)

’

7/2 if 0=x<1,

e
J COS WX SIn W
0

= dw=m/4 if x =1,

(7)

0 if x>

\
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Y Si(u)

1 — 1

Integrand < S ! |

COH L

S

L e v | e I
~Ax~ 3x -2x---1Iz 0/ ln---2n 3m  4m u

0.5}
Ar

I
ral=

Fig. 282. Sine integral Si(u) and integrand

y Y Y
Mo \ II II'U'P'U \'UP"-__.-'I \ |.\l,~lnlﬁ‘_m Y I.IIII||
| II [ |
||I I|I (128 I| ||a:16 | |ﬂ:32
|I I| | l | |
|I I| [ l
\ ! ' | |
L .II ] 1 IIII | LA III IllI L | L wli A pmnd
—2%+1 0 1Y 2x -2 -1 0 1 2x -2 -10 1 2x

Fig. 283. The integral (9) for a = 8,16, and 32, illustrating
the development of the Gibbs phenomenon



)b gt S 3 gon gen SIS

Sl dle sl o lids Loy o jesla, p 3 JISSI0 5 L s a8 )
-lii.lLJ_:-LQGJngUQf(X.)J.!\CiU))‘.LQLLJAJI..AUQL.._.-L’-_A (Sec. 11.2 )4y o
w112 (F),5 5 B(w) =
(Vo)

? o0
A(w) = [ f(v) cos wo du.
"0

( (z250). (Vo)
J) — W) cos wx dw o

i (.JJ‘J(Y))J_’A(W)-_—'?:&|LHL{J)“K)}‘&QL‘-‘&)Q

B(w) = %J f(v) sin wo dv. (\1)

0 X ) : :

Lals o 4y b ot g S 1, 0TS T 03 5 S5 4 (0) w48 JI S5

i ). T

f(x)=f B(w) sin wx dw (’f'f) (\Y)

0

ooyl s 598 Sl Sl o Jlas )b (g5l Gillae

lf f2 )dx I (o) +B ))dm
T




Ll Sl s
ol bt K5 .‘..ésu‘uu.:—ﬂ.'.“,‘.ﬂf,:«....-Lu‘,_s\xq)_,ij‘SlﬁUj‘
EXAMPLE 3 S A s e klIL, 8

\
e

0

Fig. 284. f(x)
in Example 3

Laplace Integrals

We shall derive the Fourier cosine and Fourier sine integrals of f(x) = ¢ ** where x > 0and k > 0 (Fig. 284).
The result will be used to evaluate the so-called Laplace integrals.

7

Solution. (a) From (10) we have A(w) = % ] ¢ * cos wv dv. Now, by integration by parts,
0
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fX)=e™:k>0,x>0

2 - 2 ® er}ul’ + e—frrn'
A(w) = ;jﬂ f(v)coswvdy = ;Iﬂ e [T] dv =

i
1 i 1 —(k—iah = —(ktiaw)y =
= d(w)=—| ————e o +————e€ o
| —(k-1w) —(k+1mw)
:}A(.f:c:e)zl [{}— : e"]+ {]—;_e"
7| —k—iw —(k+1w)
] 2k
= () =— k“‘"’i’”{f”"} = ()= 5%
| k+o k™ +w"
Then :
2k
o i =} . o Fl_
f(x}—ju A(@)cos wx da;-—-[ﬂ P cos wx dm

fx)=e™ J-x cos wx dw r coswxdo me ™

] ® _(k-im ® e
_Uﬂ e & )“dv+jﬂ g ko) a'v]

2k 0 BFaiw o Kra® 2k
T
" cos wx T =
J dw = —¢ = (x > 0, (13)
o k2 + w? 2k
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PO 8 Ol S ees

B 2 - . B 2 © L er‘rﬂr . e—f-rril"
B(m)_;_[ﬂ f(v)sin mvdv_;.[} e [ > ]a’v

— 1 > —(k—ie)v * —(k—ia)w
—;_LE dV—Le dv
= L ; —(k-1a)v |I' _ 1 e—(k+im]v |:x:
H . L1} . 0
mi | —(k—1w) —(k+1w)
1 1 ] B i[ iw ]
mil k—iow k+io| #milk+o
Then :

fX)=e™= J.: B(w)smowxdw

I = (0 SIN WX e ™
=| —— ssinox do = _[ ———do=
‘7T k +o O I+ 2
“w sin wx T o por
R (x>0, k>0). (15)
‘0 j;z + w2 2

The integrals (13) and (15) are called the Laplace integrals.
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EXAMPLE 1 Periodic Rectangular Wave M Jj\*‘“ &9}‘;

Find the Fourier series of the function

0 if -2<x<-—1 e k S

flxy=4k if —-1<x< 1 p=2L=4, L=2. | |

0 if l<x< 2
Fig. 263. Example 1

1 Y % \ ¢ k
:_{ f(x) dx —) aoz—jt(x)dx=-—j kdx =—,
2L fJor ¥J Y
2 1
_1 ”W‘xdr ﬂn—lj f(r)cosnﬂxix=lj kcosnﬂxix=£sinﬂ
L_ﬂ'j':)c"‘?'S — 2] " 2 2], > nr 2
Thus a,, = 0 if n is even and
an = 2k/nm if n=1,509,---, ap = —2k/nm if n=23,711,--
From (6b) we find that b, = 0 forn = 1, 2,---. Hence the Fourier series is a Fourier cosine series (that is, it
has no sine terms)
k 2k (U 1 3T 1 ST
flx) = —+—(cos—x——cns—x+—cns—x— —I—) H
T 2 2 5 2
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S o ga o 0l 4S5l il OLej pan gy EOT 345 ¢ ESINOL oy Uy S
J“":‘)L‘:‘C‘U“J}iLSJ“" .U:l:,_‘i J.S,_,.u.u-l_,c__,.-uum

u(t) = p=2L=—, L=—
Esinwt if 0<t<L @ w

Al |

L

Solution. Since u = 0 when —L < 1 < 0, we obtain from (6.0). with 7 instead of x,

L T i
' E
ﬂ{):z—lLJ f(x) dx —a.}:ij E sin wt df = —
0

2 T

and from (6a), by using formula (11) in App. A3.1 with x = wf and y = nwi,

nirx

L
_1
ay = LJLf(x)cns I dx —

T

w T i ﬂ_.lE
ap =—J Esinmrcasnmrdf=—J [sin (1 + n) wt + sin (1 — n) wt] dt.
T Iy 2 1
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If n = 1, the integral on the right is zero, and if n = 2, 3,-- -, we readily obtain

(1 +nw (1 — n)w

wE { cos (1 + mwt cos(l — n)mt}mm
dy — -

27 0

E(—cns(l—l—n]ﬂ—l—] —cns{l—n)ﬂ'—l—l)
= + .

29T 1 +n 1l — n

If n 1s odd, this is equal to zero, and for even n we have

E 2 2 2E
( + )=— (n=2,4,---).
1 +n I —n (n — Din + D

iy =
29T

In a similar fashion we find from (6b) that by = E/2 and b, = 0 forn = 2, 3,---. Consequently,

E E 2E 1
u(f) = — + —sinwt — — cos 2wt + cos dewt + --- |.
‘[ 2 a \1 -3 5
1(t)
~mho 0 mlw t

Fig. 265. Half-wave rectifier
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SCHAUM’S

5. Expand F(r) =22 0 <2 <27 ina Fourier series if (;1) the period is 2«, (b) the period

is not specified.

(a) The graph of F(x) with period 2z is shown in Fig. 6-5 below.

F(x)
/ / / / /
!/ / / / /
/ / /! / /
/ / 7/ V4 7/
/s yy e / /
7 7 7 7
- - — = x
| | I 0 1 1
—Br —4z —2r 4z 6r
Fig. 6-5
Period = 2l =27 and I = 7. Choosing ¢ = 0, we have
1 c+2l
a, = f F(x) cos——-dw = —j‘ x? cos nx dx
— 2r
_ {( 2)(311111&-)_ (2)( cosnm) + 2( _ :;2, n £ 0

0
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c+2i 2T
b, = -I-J F(x)sinﬂdx = -1-_[ 22 sin nx dx
l . 1 T J,
I | o8 Nx sin nx cosnz \ (" _ —dr
- Hen(-=) - ea (=) s (=) - S
Then F(z) = x2 = % + ngl (%co&m—%smm).

This is valid for 0 < 2 < 27, At 2 =0 and x = 2r the series converges to 272,

(b) If the period is not specified, the Fourier series cannot be determined uniquely in general.
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_ - 0 —2<t<0
C S 5 50 T=4 gld e peo b1, f(2) :{Zt 0 {r o Wl olin b Jl

F S oy gl 690 W gl 1) b S (I

c e g |y U a9 yo8 L (&

f(®) =f1(0) + f2(8) =t + |t w= =
fz(t:) =1t is odd — ag=0,a, =0

2

T
2
b—4ft ] tdt—ft‘"mdt— 4'1’“—4':1"“l
n=7 |t sinnetdt= sin ——dt = ———(~ ) = )
0 0
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N 4 i (—1)™t nmt
f2(8) = - sin —
n=1

(t) = 41_ﬂt1_2ﬂt1_ﬂ.’t
f2 lsm 7 ~ZSin— +35m 3 )

fi(t) = |t| is even

2 2
2 _ 1
ap =?ff1(t_) dt = Eftdt =1
1] 0

0 niseven

2 2
_4 _ _ nmwt 4 . ) Z
aﬂ—fjtcasnmtdt— jtcasTdt—W((—i) —1) = _ nisodd
0 0 (nm)
12 -1 nmt z . 2m—nmt
fdo= w2 2% 2 T (21;1—1}2 2 B
n=13.5 m=1
mt 1 ; 3mt 1 55111
( cos 2+32C05 2 —|-52c'as 2 + -
f&) = fi(0) + f2(0)
8(1 .ﬂ:t+1 33:-'1't_|_1 55n't+ )+41 . mt
=1- cos — cos® — + — cos®—— sin —
12 2 32 2 5?2 2 n{1
1 Eﬂ:t+
— —sin——+ -
2 2 )
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Example 7.2 A periodic function f{#) with period 27 is defined by
fiy=t'+t (-n<t<m), flt)=f(t+2m)

Sketch a graph of the function f{#) for values of ¢ from = —37 to f = 31 and obtain a
Fourier series expansion of the function.

Figure 7.3 Graph of DA
the function f{(7) of
Example 7.2.

Solution A graph of the function f{¢) for —3m < ¢ < 3w is shown in Figure 7.3. From (7.15)
we have

1 i 1 " 2 2
= - t)dt = - t+t)dt=3m
a'ﬂl Ej_ﬂ) EJ_{ ) 3

and
T

f(t)ycosntdt (n=1,2.3,...)

1=

J -

L

(£ + 1) cos nt dt

1=

Jo-m



which, on integration by parts, gives

2 T
a, = 1z sin nt + 2—5::05?”‘— % sin nt+ L sin nt + Lz cos nt
T|n n n n n
-
n
_1 ﬂ; COS nT {since sin nTt = 0 and {Lj cos m‘} = UJ
T n n -
4 ] : a
=—(-1) (since cosnm=(—1)")
2
From (7.16)
I
b,=L| fO)sinntdt (n=1,2,3,...)
T[J .
I
| 2 :
= (¢t +1t)sinntdt
J—m

which, on integration by parts, gives

2

1 ~Lcos m‘+2—§sin nt + %cos nt — Lcosnt+ l,,sin nt
T\ n n n n n

b, =

= 208 nm = _2(_1)" (since cosnt = (—1)")
R Iy
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Hence from (7.14) the Fourier series expansion of f(#) 1s

flt) = i +Z—( 1" cosm‘—E {—])"sinm‘

n=1

or, in expanded form,

sin 3¢

£)='m% + 4 —cost + 032 €031 ) 4 o SN2,
3 2

27 32

To illustrate the alternative approach, using (7.13) gives

a,,+jb,,=ﬂ () emde = J (£ +1) ™ dt

o] [ 522

1| £ 1 28+ ] Jm+2e”}
. ;

Tl jn (jn)’ (jn)”

3
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Since

e’ = cosnM + jsinam = (—1)"

e = cosnm — jsinnn = (—1)"

and
1y=-]
a,+ib, = ()
r \
=p4f[%

n‘+n+2njl+%+

H n n

]

T-m 1-2m 2

2 3
M n

Equating real and imaginary parts gives, as before,

4 .
a, = _2{_])?
H

b= —2(-1y
H

;)
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Example 7.3

Figure 7.5 Graph of
the function f(7) of
Example 7.3.

Solution

A periodic function f{(#) of period 27 1s defined within the period 0 = ¢ = 27 by
t (0=t=1m

) =

n (In=st=m)

Pt | —

M-t (M=t=2m)

1
2

Sketch a graph of f(¢) for —2n = ¢ = 37 and find a Fourier series expansion of it.

(1)

A graph of the function f(¢) for =21 = ¢ = 31 is shown in Figure 7.5. From (7.15),

n n2 n n
aU:iJ f(r}dr:# J rdr+J }_,JthJ (m—i0)dt|=3Im
2

0 0 n2 i
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and

ay

that is,

2n
lJ f(t)cosntdt (n=1,2,3,...)
n 0
[m2 T n
1
- t cos nrdr+J 1T cos m‘dr+J (T — f) cos nt dt
- 2
Jon 2 T
i n2 n . .
1|t . cos nt T . 2m—tsinnt cosnt
—| | —sinnt+—; + | —smnnt| + - =
i |n n 2n 2 n 2n
B 2 i
1(m . | | L 1 1 3
—| —sinjnm+ —cos lnm— = — —sin jal - — + —cos nm
T\2n H n 2n 2n- 2n /
-(2cos ;nT — 3 + cos nT)
2Tn
1 n'2 )
—zl(—l} - 1] (even n)
nn
-2 (odd n)
TH
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f(t)ysinntdt (n=1,2,3,...)

0 n2 n

rm2 n in |
f sin m‘dr+J In sinm‘df+J (m—ir] sin nt dt
J

n n 2n

Y 1 e 8
——cosnr+—25innr} +{—£c05m}

0 w2

f—2m I
cos nt — —2 sin nt
2n 2n .
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|/

T\ 2n

|
= — sin %_n'rc
T

0
—_ [_l:fn—l]f’Z
2

n

n 2n 2n

(even n)

(odd n)

Hence from (7.14) the Fourier series expansion of f(#) is

flt)=2m— g(«:msr+ =+
m

cos 3t c0525r+ o ]

3 5

B g(cos.zZr + -::t:-szfjr 4+ cos ]2{}3‘ T )
mh 2 6 10

N l(sin . 51n73r+ smzﬁr B smz?r N )
T 3 5 7

T 1 . T T T
= —(——c-::ns AT+ — sin ;AT — — COS Nl + — COS ;AT + — COS nTl

2n

)
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Example 7.5 A periodic function f(#) with period 2 is defined as
fin=¢ (n<t<m, floy=f(t+2m)

Obtain a Fourier series expansion for it.

Solution A sketch of the function f{7) over the interval -3 < ¢ < 3w is shown in Figure 7.8.
Clearly, f(#) 1s an even function of # so that its Fourier series expansion consists of
cosine terms only. Taking 7= 2m, that is @= 1, in (7.17) and (7.18), the Fourier series
expansion is given by

flty=1a,+ Z a, cos nt
n=1

with
n n
ay = ZJ f(t)dt = ZJ tde= i
i T
0 ]
Figure 7.8 The 1O A
function f{(r) of
Example 7.5.




and

I

a,,z% fltycosntdt (n=1,2,3,...)

J o
!

2
:1% £ cosntdt = g{f— sin m‘+2—§msnf— - sin nt
H

-
3

1o n R n 0
2(2m 4 n
= —(—zcosnn): =(=1)
- n n

since sinnmt = 0 and cos nTt = (—1)". Thus the Fourier series expansion of f{(f) = ¢ is
_ 1.2 C (—1)"
fly=in"+4 Z - cos nt (7.22)
n=1 n

or, writing out the first few terms,

— 12 4
flt)= ;"= 4cost+cos2t— Gcos3t+. ..
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Example 7.8 A periodic function f{¢) of period 2 is defined by

(3 (0<r<1)
f{r)_{'}; (1<t<2)

St +2)=f(1)

Sketch a graph of f{#) for —4 = ¢ = 4 and determine a Fourier series expansion for the
function.

Figure 7.11 i A
The function f(1)
3

of Example 7.8. / / :
|

-4-3-2—0]

N
-Pn-‘:-—-l
| J

[y
Lk

Solution A graph of f{¢) for—4 = ¢ < 4 is shown in Figure 7.11. Taking 7= 2 in (7.4) and (7.5),
we have

1 2
= gJ f(r}dr_J 3rdr+J Sdrzg
0 |

98



&
=
I
Pt | Pt

2
J f{r)cos”TT”dr (n=1,2.3,...)

0

I ’ : ! . 2
3 3
— | 3tcosnmtde+ | 3 cosnmtds = |2LSNANL, 3 COS ";” 4 | 2SI AT
0 | nm (nm)” |, nm |

0 (even n)
—6/(nm)*  (odd n)

-3 2(c{}srfn'i:—]):{

(nm)
and

2
b, = J f{r)sm”T’”d: (n=1,2,3,...)

0

| 2
= J 3t sin rle:.!‘d.!‘JrJ 3sinnmids

0 1

. ! :
_ {_3 cos nmz 3 sin nm} N {_3 cos Hﬂf} _ 3 cosonm=—2
1

nm (nm)’ . nm nn n

Thus, from (7.3), the Fourier series expansion of f(¢) is

f(t) = 3— %(cos m+écos 3nt+ %cos S‘t+...)
T

- E{sin Mt +31sin 27t + 3sin 3We +. .. )
m

o= o

_ 9 £2c05{2n—1)nz‘_§zsinnnr

(2n—l}2 T& g

4 2
n

n=1
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Example 7.9  Obtain the Fourier series expansion of the rectified sine wave

fit) = |sint|

Solution A sketch of the wave over the interval -t < ¢ << 21 is shown in Figure 7.12. Clearly,
(1) 1s periodic with period ®. Taking T = m, that i1s, @ = 2, in (7.3)—(7.5) the Fourier

series expansion is given by

flty= %a[, - 2 a,cos 2nt

14
au:gJ sint dr = 2

Figure 7.12 Rectified f(r)
wave f(f) = |sint|.
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‘Y

a,= 2 sinf cos 2nt dt

n J 0

L

= —| [sin(2n+ 1)t —sin(2n — 1)¢] dt
J 0

1 [_c052{n+ l}a‘Jr cos2(m — ])IT

r 2n+ 1 2n -1

0

:1(1_1)_(_1+1):_z_11
T \2n+1 2n-1 2n+1 2n-1 T4nt -1

Thus the Fourier series expansion of f{(#) is

—EE 21 cos 2nt
I dn” -1

or, writing out the first few terms,

fin=2-4

n =

l | 1
(3€08 21 + 75C08 4f + 3z COS 6F +. .. )
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7. Expand F(z)==2z, 0 <z <2, in a half range (a) sine series, (b) cosine series.

(a¢) Extend the definition of the given funection to that of the odd funetion of period 4 shown ir
Fig. 6-6 below. This is sometimes called the odd extension of F(zx). Then 21=4, [ =2.

F(x)
’ / /7
7 / /
/ /7
Z o / z
T 71 | I ~ A |
-6, -4 -2 2 74 &
Ve /7 /7 /7
/ 7/ /7 /7
Fig. 6-6

Thus a, =0 and

b 2 IF . Nk - 2 2 . MTk
n = 3 : (m}sdew = 3 omsm—z—d:c

{(a:) (;—:cos %’) - @ (;2:2 ain "“;")}

0 nmw
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Then Flz) = 3 4 cos nr sin "%

u:]_nlr 2
- 4/ w1 . Z7¢ 1 . 87X
= 1u_(asm 5 2sm 5 +35m 2 )

(b) Extend the definition of F(x) to that of the even function of period 4 shown in Fig. 6-7 below.
This is the even extension of F(z). Then 21=4, =2,

F(z)
\ 7\ 7\
, 7 N\ /7 N\ \ /7 N
N Y/ N N ¢ / o
- -4 -1 0 2 ¢ ;
Fig. 6-7
Ths b =0 2 (' norx 2 (2 N
Wy = EJ; F(x)eoswa Ej;xcos—d

{(a:) (j—? sin %) — (1) (ﬂ;:g cos ﬂ;x )}

;%(cosmrml) if w0

103



2
If n=0, e = f zde = 2.
0

Then Flz) = 1 + 2 > (cos nr — 1) cos —“Zx
n=1
= _ 8 gz 1 37z 1  bzx |
= 1 - (coa 2 + 33 €08 5 + 53 €08 5 + )

It should be noted that the given function F(x) =z, 0 < 2 < 2, is represented equally well by
the two different series in (a) and (b).
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(03 9 o) iy 0
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§ sl shakons F(2) = |2]2 @b bz Jlio

’ - fz+A4z) —f(2) |z + Az|? —|z)?
f (z) = lim . — lim
Az—0 Az Az —0 Az

(z+ Az)(z+ Az) — zZ

- gzl'l—{lﬂ Az
. zZ4zAz+ AzZ+ AzAz—zZ | Az _
= lim = lim (—.z+ Z + Az)
Az—0 Az Az—0 Az '
Ax —IA _ A
= lim —_y.z + lim Zz+ lim Az = {—i—lz * z
(Ax,Ay)—(0,0) Ax + (Ay Az—0 Az—0 —1z+ Z

;WELJJUL'ﬂ"“‘:"L'C‘*‘”ﬁj:an-L; e & z=D_,'5‘-L:7-“-°‘u--3
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' u —dyv
BV H =, $ ?ﬂ: E)—!J a——: - S Q)
535 4 ox Oy dy O du du
Q;J&J.J}?CJ&L‘-AJ',:ASWJL‘)“(V&‘JJ.“L‘-JJ) u, =5—t u, =:_j—l:,;£|)é
: Vv X
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".MMJ‘WJL:—*QY)‘AJJ| NYolaa ..AL:UJQH)-’:,‘QYQW

Su=x =y g cml iz plila f(Z) =2 =X~y +Yixy :dla
cu, ==Yy ==V, ey, =YX =V, g taS 34w (V) 50 v =Ty

20 Jio Gk 5 £(2) 51 e oSl Sl iniie GblE a2 5 £(2) o wsFns ooy 55 Y aciazy
..)),.' e 0'93‘50 b,ie |) f" Zp ) n.\.f.p'._' )g‘é.‘a’ksl.—n
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s u=x =y =X O e cad 4 b Ol | £ e
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u =¥x-\=v..

o2l o Y 4o 5,8 S L L
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LD JRECI PSS P LY N - SRS TO L FN WSO P FCHIE Jy-J < [ < TSR PP
o35 abaay V1 (Ll (or (5,801 850 5 aonsi Olan 4y S a5 V0 V1 ST Olialdel
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éx @&y 'y
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:M)L}Jl"
f(z)=l1+i\r:(x3—3xyz ’+l(3x2y—y3+k)
w23 ol 1, ¥ 5 05 % 2 2 93l G 7 ez £(2) o o s 2

f(z)=z> +ik=2"+c

Col dudos &b cpl pults B2 cm y lalisee 2l ol o S LS ol Bgyie fz)=u(x,y)+iv(x) &b : Jba
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;a,:.@@;.;(l)mu.ojl,%w 13 izl X 3] sl daih V58 3ub en

=0 — u=ul(y)

ieessS oo (IT) alolas 31 >
u(y)=-v(x) — uly)=-vi(x)=kcst
il s el ¥ 5l b 0 g X 5l ol dads VLA
w(y)=k - u(y)=ky+e
vix)=-k — v(x)=-kx+cy
b 14
flz)=u+iv=(ky+ecy |+i[-kx+cy)=-ik(x+iy)+(eq +ics — f(z)=-1kz+c¢
Aaleds s glacib k., ey, ey
olgzds Jalise Culi:c
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Trigonometric and Hyperbolic Functions.
Euler’s Formula

i —ix

e = cosx + isinx, e = COSX — I[SInX.
3 s _ I -3 gk
cosx = g(e* + e™), sinx= g™ =g,
21
(1) Cos Z = %(ﬁeu + e %), sinz = —7—,('e”' — e %),
21
Furthermore. as in calculus we define
0 : sin z CoS Z
2 anz = A cotz = —
) L= Cos zZ ~ sin z
and
(3) Sec 7 = : e =
2 sec z g CSC 7 Stz
Formulas for the derivatives follow readily from (¢*)" = ¢ and (1)—(3);
as in calculus,
" f o . : e peance oo can
(4) (cos z)' = —siIn Z. (sinz) = cos Z, (tan z)' = sec” z.

&J,#cljcd'tkac'ljv. \Y
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Smmean Aol 0 30, ee olis dalous (3 SINZ 4 COS Z o 08 gay i (Slgmad

EXAMPLE 1

Real and Imaginary Parts. Absolute Value. Periodicity
Show that

(a) cosz =cosxcoshy — isinxsinhy

(6)
(b) sinz=sinxcoshy+ icosxsinhy
and
(a) |cosz|® = cos® x + sinh?y
(7)

(b) [sinz|® = sin® x + sinh® y

and give some applications of these formulas.

Solution. From (1).

= $e V(cos x + isinx) + 3e¥(cos x — i sin x)
= eV + e V) cos x — pi(e? — e V) sinx.

::> cosz = cosxcoshy — isinxsinhy
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This yields (6a) since, as is known from calculus,
(8) coshy = 3e¥ + e V), sinhy = 3(e¥ — e7Y);
(6b) is obtained similarly. From (6a) and cosh? y= 1% sinh? y we obtain

cos 2|2 = (cos® x) (1 + sinh? y) + sin? x sinh? y.

Since sin® x + cos® x = 1, this gives (7a), and (7b) is obtained similarly.

\ \
1} 4 Iz

cosz = =(e +e ), .\'inz:F(c”—c ); Z=X+1y. (\)
i

cosz| =cos x+sinh'y  (a)

(v)
‘ Y R . Y
sinz| =sin x+sinh' y (b)
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‘-,Jk‘gi‘ .ﬁ)‘ﬁxﬁu&aﬁamﬁ‘ﬁ&h@”éubctﬁ ‘}5‘5“”&}

faars delgi 4o puas L L2 n i il | B
cos(z, 2z, ) = cosz,cosz, +sinz sinz,

; : ()

sin(z, £z,) =sinz,cosz, 81Nz, Cosz,
Jy s
cos' z+sin'z =) (Vo)

Sy eh il 5
oS N i e )y Zhalih e S gk e e 3 o S 5
\ \
coshz=-‘;(c“+c"), sinhz=?(c'-c"). (\Y)

PR TRPRTJ5 - LR AN RV B

(coshz)" =sinhz. (sinhz) = coshz. (\Y)
Ly g 25 25y g 03 S o il 5

sinh z cosh \
tanhz = 2 , cothz = - , sechz= .cschz= V)

coshz _ sinhz coshz sinhz
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coshiz =cosz, sinhiz =isinz.

cosiz = coshz, siniz = i1sinhz.

\Y

=cosh x

A TO T s
(\¥)
213 ) plaian
(\0)

12
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F(x):e™
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F(x) :sinh (kx)
F(X) : cosh (kx)
F(x):e*

F(x):e ™

} = F(x) = A sinh (kx) + A, cosh (kx)

} = F(x)=Ae“+A,e™
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Using (1), we can divide this by 75 cos 8 = T; cos @ = T, obtaining

. . 92
T sin T; sin « Ax d°u
2-"F B— L ZtanB—tana:p —

Ircos B Tcosa T at?

(2)
Now tan « and tan 3 are the slopes of the string at x and x + Ax:

u du
tan @ = ((—) and tan 3 = (—)
ax /|, dx

00 a3+ ot g 3o o 20 30 1 it 315 Sy 55 Ly U Oy Ll
et AX

xr+ Ax
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1 (,_) _ (r_) _P P
Ax|\ox /|, . \ox/[.| T ar*
If we let Ax approach zero, we obtain the linear PDE

n2 "2
/ /
(3) t" u :Cg d i 2 T

This is called the one-dimensional wave equation. We see that it is homogeneous and
of the second order. The physical constant 7/p is denoted by c? (instead of ¢) to indicate

that this constant is positive, a fact that will be essential to the form of the solutions.

25 Je el gileloa B0k 5l Ul ey Rer e LG L e dolee o
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Separated solutions

a solution of the Laplace equation

{)—" + ()—" =0
Jx-  dy”
in the form
u=Xx)Y(y)
which gives on substitution

Fhta ¥l =
dx” dy”
or

(1.d°X 2 [(d?X

X dx? ax?

11 g2y AR
——— =+k°

Y dy | dy

xy L 1dX 0 1dYY

(9.52)

0=

+k*X =0

kY =0

=

4 2 T 2
X dx® Y dy
——k? .

)3

X(x) = A sin (kx) + B, cos (kx)
= {Y(y) - A, sinh (ky)+B, cosh (ky

u(x,y) = X(x)Y(y) = (A,sin (kx) + B, cos (kx) ) x (A, sinh (ky) + B, cosh (ky )
or u(x,y) =X(x)Y(y) =(A, e +B,e™*)x(A,e¥ +B,e™)
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Example 9.29

Vau(x,y)=0=

XY 1dX 1d%Y

de
%/_J

(1 d?X
X dx?
1 d?Y
Y dy?

Use the separated solutions (9.52) of the Laplace equation to find the solution to (9.50)
satisfying the boundary conditions

=~H

ux,H=0 (0<x<2)
ux,1)=0 (0<x<2)
w0,y)=0 (0<y<1
u(2, y)=asin2ny (0<y<1)
2 2 0°X o°Y
0 U(Xz, y) +8 U(Xza y) — 0 _UOY=X)Y () > Y (y) (ZX)+X(X) (2)’) _0
oy OX oy
=0=
Y dy?
2
="K
(d?X
i _“ZXZO pX — X
dx2 {X(x) = Ae™ +Be
=9, = _ =
) c;ii\z(ﬂle_O Y (y) =Csin(py)+Dcos(py)
ay

u(x,y) =X(x)Y(y) = (Ae™ +Be™)x(Csin (ny)+Dcos(uy))
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u(x,y) = X(X)Y(y) = (Ae* +Be™)x(Csin(ny)+Dcos (uy))
In first boundary: u(x,y=0)=0 (0{x{2):
Y(y=0)=(Csin(ux0)+Dcos(ux0))=0=D=0

= u(x,y) = X(X)Y(y) = (AC e’ +BC e“X)xsin (ny)

= u(x,y) = X(X)Y(y) = (Ae” +Be™)xsin (uy)
In second boundary: u(X,y=1)=0 (0{x{2):
Y(y=1)=(sin(ux1))=0=sinp=0=



so that sin i = 0, or i = nt with n as integer. Thus
u=(A"e"™ + B e™)sinnny
From the third boundary condition, u(0,)=0 (0<y<1)
(A"+ B )sinnmy=0 (0<y<1)
so that B =—A’, giving
u=A"(e"™ —e"™)sinnmy
= 2A4" sinh n7x sin nmy
The final boundary condition then gives u2,y)=asmlny (0<y<lI
24" sinh2nmsinnmy =asin2my (0 <y < 1)

We must therefore choose n =2, and a = 24" sinh 2nt = 24" sinh 4m, or 24" = a/sinh 4.
The solution 1s therefore

sinh 2mx

H=asmnimy —
sinh 41

-
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V=0 —p 00 .usjjﬁ\bﬂoﬁjwéigu

— X
V=0 —>

Solution Referring to the coordinates in Fig. 4—15, we write down the boundary
conditions for the potential function V(x, y, z) as follows.

With V¥ independent of z:

V(x, y, z) = V(x, y). (4-90a)
In the x-direction:

V0, y) =V (4-90b)
V(o0, y) = 0. (4-90c)

In the y-direction: :
V(x,0)=0 (4-90d)
V(x,b) = 0. (4-90e)

Condition (4-90a) implies k, = 0, and from Table 4-1,

Z(z) = B,. (4-91)

" The constant 4, vanishes because Z is independent of z. From Eq. (4-89) we have

kZ+kZ+k2=0. (4-89) k2= —k2=k?, (4-92)




o0°V(X,Y) . O°V(X,Y) _ 0 VONXOYY)
2

VAV(X,y)=0= g
0°X (x) °Y(y)
% + X (x =0=
(y) @XZ ( ) y2
FXOOY(Y) 1 d°X + isz =0=
X dx? Y dy?
——
—+k2=k? =—kZ=kZ=—k?
( 1 d2X 2 (dzx 2
X dx? K dx? ° X(x)=D,e" +D,e ™
] , =3 = - -
1y, dY Y (y) = A, sin (ky) + A, cos (ky)
- 5 = —k > + k Y — 0
Y dy  dy

V(X,y) = X(X)Y(y) = (DlekX + Dze‘kx)x (A, sin (ky) + A, cos(ky))



X(x)=D;e™ +D,e ™
Y(y) = A sin(ky) + A, cos (ky)

y=coshx

\

4

V (o0,y)=0 )X(X) _ Dze_kx

(4-93)

(g Oy o b

VOO0 5y (y) =A,sin(ky) (4—94)

Iy:(;othx y=sinhx

y = cosh(x)

y = tanh(x)

y = sinh(x)
3T
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(g Olg e (AY=2) 53 (A8-£8) 5 (AF=£) (AV=£) Osls 13 L

Vi(x, y) = (BoD,A (Je”** sin ky

= C,e " sin ky, (4-95)

where the arbitrary constant C, has been written for the product B,D,A4;.
Now, of the five boundary conditions listed in Egs. (4-90a) through (4-90¢) we
have used conditions (4—90a), (4—90c), and (4—90d). To meet condition (4-90e), we

require

V(x,b) =0. (4-90e)

which can be satisfied, for all values of x, only if

or

or

Therefore, Eq. (4—95) becomes

V(x, b) = C,e " sin kb = 0, (4-96)
sin kb =0
kb = nn
nm
b, n=1,2,3,.... (4—97)
Vi(x y) = C,e”"™*/® sin il y. (4-98)

b



V@, y) =

Q0

nTCX

ZC e P sin

Vo  (4-90b)

N7t _ _
(byj , (4-98)

ools (AA=2) (5 alaily 5> (4-90b) L 0sls 1 3 L

V0,5 =) W(0,y) = Z C,sin ="y .59

1

= V,, 0<y<b

o Db
. (mm . (nm . (mm
V.sin| — v |dy = C.sin| —v [sin| —
(byjyzi“ (byj [b

yjdy (4-100)

2bV. m :odd

0 m :even




27

'sin(mx)sin(nx)dx::{gsm” n#0

0

0

27
'cos(mx)sin(n x)dx=:{n8m” n=0

:VJ")‘J (\ . ~—f,> B A.SJL’.A 92 6L€4\‘5.>- QJ\J )‘J} L JL>-

2bV. m:odd & G b m=n av. n :odd
mmn = Z 2 = C. ={nm
0 m:even 1|0 m=n 0 n:even

ps o (A=) (g dslan o L3 5550 Jeily SR

V(x, y) = Z C,e"™*/® sin %73 y

n=1 ©

1 . hm
= ﬂ‘l — e~ "=/b gin — y, (4-104)
T n=odd n b

n=13>5,...,
x>0 and O<y<hb.
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Example 9.30

Solution

LAl asuts

Solve the Laplace equation (952 ) for steady heat conduction in the semi-infinite region
0 =y = 1, x = 0 and subject to the boundary conditions

(a) u(x,0)=0 (x=0)

(b) u(x,1)=0 (x=0) ;(temperature kept at zero on two sides and at infinity);
(¢) u(x,y)—=0 asx—oo

(d) u(0.y)=1 (0=y=1) (unit temperature on the fourth side).

Clearly from condition (c) we need a solution that is exponential in x, so we take
(9.52 ):
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o°u(x,y) azu(x y)

V& V)=0 -0 Uu(X,y)=X(x)Y(y) N
uix,y)=0= W Y
0°X o0°Y
v (1) X ) XY o
X
xy 1 d* X 1 d*Y 0>
X dx? Y dy?
2
=-H

u=(Ae" +Be™)Csinuy+ Dcospy)

and since the solution must tend to zero as x — <o, we have 4 = 0, giving

u=e*(C’'sinuy + D’ cos uy)

where C” = BC and D’ = BD. Condition (a) then gives D’ = 0, and (b) gives sinu = 0,
oru=nn(n=1,2,...),so the solution becomes u= C’'e™sinnny (n=1,2,...).
Because of the linearity of the Laplace equation, we sum over n to obtain the more
general solution

C, e "™ sinnmy

b
M1

=

Condition (d) then gives, as before, a classic Fourier series problem

Cisinnmy (0=yp=1)

[

1 =

=
1]
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Figure 9.31 Solution up
of the Laplace equation
in Example 9.30.

so that, using (7.33),
4/nm (odd n)

0 (even n)

1
C, =2J sinnmy dy = {

]

The complete solution is therefore

U= %Z; 2?11—_1 e "™ sin(2n — 1)my

or, in expanded form,
4 e ] _—3mx . | —5mx .
u=-(e sinmMy+ e  sin3ny+:e  sinSMy+...)
T

In Figure 9.31 the solution u(x, t) is plotted in the (x, y) plane. Because of the discon-
tinuity at x = 0, for x = 0.05 thirty terms of the series were required to compute u to

four-figure accuracy, while for x = 1, one or two terms were quite sufficient. 149



Example 9.31

Solution
YA
B 2 u=10 c
clu
w=10 E;-ﬂ
1
-
A H=X D x
Figure 9.32

Region and boundary
conditions for
Example 9.31.

Solve the Laplace equation (9.50) in the region 0 = x < 1, 0 =< y =< 2 with the conditions
(@) ulx,0)=x O=x=1)

(b) u(x,2)=0 (0=x=1)

) u(0,)=0 (0=y=2)

(d) du(l,dx=0 (0=y=2)

The steady heat-conduction interpretation of this problem, looking at Figure 9.32, gives a
zero temperature on ABC, an insulated boundary on CD and a linear temperature on AD.

Of the solutions (9.52), we require zeros on AB and zero derivative on CD, so we
might expect to use trigonometric solutions in the x direction and exponential (or
equivalently sinh and cosh) solutions in the y direction. We therefore take a solution of

the form (9.52d):
u=(Asinux+ Bcosux)(Ccoshuy+ Dsinhuy)

From condition (c), we must take B = 0, giving
u = (C’"coshuy+ D sinh uy)sin ux

where C"= AC and D" = AD. Condition (d) then givescos 1 =0 or
pu=@m+3)m (n=0,1,2,...)

so the solution becomes

u=[C"cosh(n + 3 )my + D'sinh(n + } )ny]sin(n + ;)mx (n=0,1,2,...) (9.53)
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To satisty condition (b), it is best to rewrite (9.53) in the equivalent form
u=sin[(n + % )ynx]{ E cosh[(n + % (2 — )]
+ Fsinh[(n +)n(2-»]} (n=0,1,2,...)
We see that (b) now implies E' = 0, so that our basic solution, summed over all n, 1s
U= i E, sin[(n + %)HI] sinh[(n + %]11:{2 -y
n=0
The final condition (a) then gives the standard Fourier series problem

Xx= i F, sinh[(2n + 1)n] sin[(n + ;) mx]

n=0
so that, using (7.33),

: I
sin(n +3)7

|
2

|
/s | (n+%]'

The solution in expanded form is therefore

H:—z

I

81 . sinh!m(2-y) sinInxsinh %n (2-y)
sin 5 X = _ 2
i sinh 9 sinh 3

+ sin g X

sinh 3m (2 - y)
S -
25 sinh 5T
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Example 9.33

Solution

Solve the Poisson equation

2 2
. n
& 1:+(9 u = —Slnn—xCOS_y

ox v a b
in the rectangle 0 = x = a, 0 = y = b given the boundary conditions
u=0onx=0, u=f(y)onx=a

Ju =0 ony=0andy=5b

dy

Physically the problem can be interpreted as a heated plate with the temperature
specified on the two boundaries x = 0 and x = @ and with insulated boundaries y = 0
and y = b.

The general strategy is to find a ‘particular integral’ to eliminate the term on the
right-hand side, compute the new boundary conditions and then solve the residual
Laplace equation. In the present case choose

U= KsinEmsn—y
a b

Substitute into the Poisson equation to give

2 2
VU= —K(H— + II'E—]s.inEca:)s]r[—"')
a b a b

and hence
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Now put
u=U+v

so that v satisfies the Laplace equation
Viv=0

and the boundary conditions remain the same

v=0onx=0, v=f(y)onx=a

(?u =0 ony=0andy=5~
dy

We are now back to a standard Laplace equation problem that can be solved by separation
of variables. From the solutions (9.52) choose

1
v=—-Ax
2 ¥
v=A, sinh "7 ¢os 1LY n=1,2,3,...
a
These solutions satisfy three of the boundary conditions, just leaving
v=f(y) onx=a

to be satisfied. The usual infinite sum of terms 1s constructed

p= %ADer Z A,,s».mh?«:ﬂnswz;—r}wr
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so that on x = @ the remaining boundary condition gives the usual Fourier cosine series

problem

_1 S (A.si ny
fly)= jffgﬂ + Z; (A,sinhnm)cos 2

In Chapter 7 (7.30) and (7.31) give

b

(JT}&dy

0

a,=A,a=

pu ol ]

b
anda,,zA,,sinhﬂnzz[f(_v)cns(}%)jdy n=1,2,3,...

sl

0

The final solution is given by

. X ny
SN — cOs —— .

_ ) b dy dy . nHIx HIL'y
u= + Ox + Z : sinh cos —=
| sinhnm
n:

a b
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Heat-conduction or diffusion equation

1 du 2

—_—= v I 9-5

K ot ©3)
This equation arises most commonly when heat is transferred from a hot area to a cold
one by conduction, when the temperature satisfies (9.5).

It is also assumed that, at any cross-section x = constant,
the temperature T(x, f) is uniform. Consider an element of the bar from x to x + Ax,
where x is measured along the length of the bar, as illustrated in Figure 9.3. An
amount of heat O(x, f) per unit time per unit area enters the left-hand face and an

T(x, 1) T(x+Ax, 1)
r
Ox, 1) —= | —— O(x+Ax, 1) Figure 9.3 Heat flow
_ in an element.
:;: X +Ié.x

amount J(x + Ax, t) leaves the right-hand face of the element. The net increase per unit
cross-sectional area in unit time is

Ox, ) — O(x + Ax, 1)
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If ¢ 1s the specific heat of the bar and p is its density then the amount of heat in the
element is ¢cpTAx. The net increase in heat in the element in unit time 1is

ﬂﬂ.r

é‘r

and is equated to the net amount entering. Thus

cp g&.r = 0(x, 1) — O(x + Ax, ©)

which in the limit as Ax — 0 gives

IT_ 20
Por = ox ©-6)

The Fourier law for the conduction of heat states that the heat transferred across unit
area 1s proportional to the temperature gradient. Thus

dT
kL
0= ox
where £ 1s the thermal conductivity and the minus sign takes into account the fact
that heat flows from hot to cold. Substitution for O in (9.6) gives the one-dimensional
heat equation
oT _ 9°T

Evl K'; Fick’s law (9.7)

where K= k/cp is called the thermal diffusivity.
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